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PREFACE 


In constructing this book the author has endeavored to combine the freedom, 
scope and informality of modern methods with the substantial qualities char- 
acteristic of those ^‘old reliable” textbooks which have stood the test of time 
and everyday use. Every effort has been made to develop the text with clarity, 
precision and a reasonable degree of rigor. 

Many of the theorem proofs have, an algebraic form and flavor, and occa- 
sionally simple trigonometric relations are employed in order to achieve results 
gracefully. The text is accompanied by a genuine abundance of exercises of 
all types and of varying degrees of difficulty, including numerous exercises in- 
volving geometric proofs as well as those requiring computations. These exer- 
cises commence at once, the earlier ones serving to induce the student to think 
in three dimensions at the start without being conscious of tackling a task too 
utterly new to him. 

The arrangement of the entire book is such as to provide ready reference. 
There are eighteen chapters, each one being the exposition of one principal idea ; 
and each important item — whether or not it constitutes a complete paragraph 
or section — bears a number (§). The author is aware of the importance of 
flexibility in the use of the book, and therefore has sought to provide a textbook 
which is adaptable not only to a full course in the subject but also to a con- 
densed survey. Solid Geometry Made Easy” is distinctly not the motif. 
Nevertheless, all material is presented with the intention of bringing it within 
sure reach of the student who is wdlling to read carefully and thoughtfully and 
follow directions with honest effort and perseverance. 

The four concluding chapters (15-18) constitute an introductory course in 
Spherical Trigonometry with applications. Basic theorems are developed 
rigorously as a natural and logical extension of the spherical geometry studied 
at the end of the Solid Geometry section of the book. Here again a maximum 
of flexibility is provided. For those who require merely a knowledge of spherical 
right triangle solution by Napier’s Rule Chapter 15 is sufficient. For those who 
demand a medium length survey with a few interesting applications Chapters 
15, 16 and selected portions of Chapter 17 may be covered. Chapter 18 con- 
tains supplementary formulas for solving spherical oblique triangles and may 
be taken or omitted at will. If it is thought desirable the formulas of Chapter 18 
may be acquired before the applications of Chapter 17 are discussed, although 
the latter chapter does not require a knowledge of Chapter 18. For the study 

iii 
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of Spherical Trigonometry a knowledge of Plane Trigonometry is of course a 
prerequisite. 

This book is a revision and expansion of the author's earlier text (privately 
lithoprinted) which has been used for the past three years in the Phillips Exeter 
Academy mathematics department. All changes, omissions and additions have 
been made with the intention not only of correcting the faults of the preprint 
edition but also of meeting more satisfactorily the present day demands in 
secondary school mathematics. To his colleagues the author makes grateful 
acknowledgment of their criticisms and suggestions which have been of great 
assistance to him in the preparation of this textbook. 

Henry L. C. Leighton 

Exeter, N. H. 

June, 1943 
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Reference Lists 

Terms Used in Plane Geometry 

Acute Angle: An angle which is less than 90°. 

Adjacent Angles: Angles in the same plane which have a common vertex and a 
common side between them. 

Altitude of Parallelogram: The perpendicular distance between either pair of 
opposite sides. 

Altitude of Trapezoid: The perpendicular distance between the bases. 

Altitude of Triangle: The perpendicular distance from a vertex to the opposite 
side. 

Angles formed by a Transversal (Fig. 1) : 

Alternate-interior angles : e and c, or / and d. h 

Alternate-exterior angles: h and b, or g and a. 
f Corresponding angles 1 . g and c, h and d^ 

\ Exterior-interior angles j ’ / and b, e and a. 

Co-interior angles : / and c, or e and d. 

Co-exterior angles : g and b, or h and a. 

Apothem of Regular Polygon: The radius of the 
inscribed circle, or the perpendicular distance 
from the center to any side. Fig. 1 

Arc of Circle: A portion of the circumference. 

Bases of Trapezoid: The parallel sides of the trapezoid. 

Center of Gravity of Triangle: The intersection of the medians. 

Center of Parallelogram: The intersection of the diagonals. 

Center of Regular Polygon: The point which is the center both of the inscribed 
and circumscribed circles. 

Central Angle of a Circle: An angle with vertex at the center of the circle and 
with a radius for each side. 

Central Angle of a Regular Polygon: An angle with vertex at the center of the 
polygon, with a radius of the polygon for each side, and subtending a side 
of the polygon. 

Centroid of Triangle: The intersection of the medians. (See Center of Gravity 
above.) 

Chord of Circle: A straight line terminated by two points on the circumference. 

Circumcenter of Triangle: The center of the circumscribed circle. 

Circumscribed Polygon: A polygon having each side tangent to a given circle. 
(Here the circle is inscribed in the polygon.) 

Complements: Angles whose sum is 90° (usually two angles). 

Concentric Circles: Circles having a common center. 
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Concurrent Lines: Lines passing through a common point.. 

Concyclic Points: Points which lie on the circumfer(mc(‘ of a circle. 

Conyruent Pigures: Figures which can be made to coim iclc. 

Conjugates: Angles whose sum is 360°. 

Convex Polygon: A polygon each angle of which is less than 180°. (A polygon 
is concave if it is not convex.) 

Cyclic Polygon: A polygon with all vertices lying on tlie eircunif(*ren(*<‘ of circle. 

Degree: An angle which is ^ of a right angle. 

Degree of Arc: An arc of a circle which subtends a central angk‘ of 1°. A degree 
of arc is of circumference. 

Exterior Angle of Polygon: An angle formed by one sidc^ and thc‘ (^xtcaision of 
an adjacent side. 

External Division of Line-segment: If BP is an extension of a lin(vs(‘gment AB, 
P is said to divide AB externally into the segments PA and PB. 

Hypotenuse: The side opposite the right angle in a right triangle. 

Incenter of Triangle: The center of the inscribed circle. 

Inscribed Angle in a Circle: An angle with vertex on the cireuinfc'rence and 
having a chord for each of its sides. 

Inscribed Polygon: A polygon with its vertices on the circiimferencje of a circle. 
(Here the circle is circumscribed about the polygon.) 

Isosceles Trapezoid: A trapezoid whose legs are ecjual. 

Isosceles Triangle: A triangle having two equal sides. 

Legs of an Isosceles Triangle: The two equal sides of the triangle. 

Legs of a Right Triangle: The sides including the right angle. 

Legs of a Trapezoid: The two non-parallel sides of the trapezoid. 

Limit: If the value of a variable quantity x approaches the value of a certain 
constant h in such a way that the difference between k and x becomes and 
remains less than any preassigned quantity, however small, then x is said to 
approach as a limit. 

Locus: The path traced by a point which moves in accordance with specified 
geometric conditions. A locus is the place where there are all possible 
points which satisfy certain given geometric conditions. 

Major Arc of a Circle: An arc which is greater than a semicircle. 

Mean proportional: m is a mean proportional between a and h if m- — a - 6. 

Median of Trapezoid: The line connecting the mid-points of tlie two legs. 

Median of Triangle: A line connecting a vertex with the mid-point of the op- 
posite side. 

Minor Arc of a Circle: An arc which is less than a semicircle. 

Obtuse Angle: An angle which is greater than 90° and less than 180°. 

Orthocenter of a Triangle: The intersection of the altitudes. 

Parallelogram: A quadrilateral with the opposite sides parallel. 

Parallel Lines: Lines in the same plane which can never meet however far they 
may be produced. 

Perigon: The total angular space about a point in a plane, that is, 360°. 



PLANE GEOMETRY TERMS 


IX 


Projection of a Line-segment upon a Line: If from the extremities of an external 
line-segment s perpendiculars are drawn to a given line m, meeting m at 
A and B, respectively, the segment is the projection of s upon m. 

Projection of a Point upon a Line: If from an external point P a line is drawn 
perpendicular to a given line m,' meeting m at A, point A is the projection 
of P upon the line m. 

Radius of a Regular Polygon: The radius of the circumscribed circle, or, the 
distance from the center of the polygon to any vertex. 

Rectangle: A parallelogram with each angle a right angle. 

Reflex Angle: An angle which is greater than 180°. 

Regular Polygon: A polygon having equal sides and equal angles. 

Rhomboid: A parallelogram whose adjacent sides are unequal and whose angles 
are not right angles. 

Rhombus: A parallelogram whose four sides are equal and whose angles are not 
right angles. 

Right Angle: When one straight line meets another straight line in such a way 
that the adjacent angles thus formed are equal, either of these angles is 
called a right angle. A right angle contains 90°. When one line meets an- 
other line at right angles, the two lines are said to be perpendicular to each 
other. 

Right and Left Sides of an Angle: Imagine a person to be standing at the vertex 
of an angle and looking out between the sides of the angle. The side ap- 
pearing at the right of the observer is the right 
side of the angle; the other side is the left side. 

In the angle ABC, BC is the right side; BA is 
the left side. 

Right Triangle: A triangle one of whose angles is a 
right angle. 

Secant of a Circle: A line cutting the circumference 
in two points. 

Sector of a Circle: The figure bounded by two radii and either of the arcs inter- 
cepted by those radii. 

Segm.ent of a Circle: The figure bounded by a chord and either of the arcs sub- 
tended by that chord. 

Semicircle: One-half of a circle. 

Similar Polygons: Polygons whose corresponding angles are equal and ar- 
ranged in the same order, and whose corresponding sides are proportional 
and arranged in the same order. 

Square: A parallelogram with four equal sides and four right angles. 

Straight Angle: An angle whose sides extend in opposite directions so as to form 
a straight line. A straight angle contains 180°. 

Supplements: Angles whose sum is 180° (usually two angles). 

Tangent Circles: Circles in the same plane which are tangent to the same line 
at the same point. 
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Tangent to a Circle: A line lying in the sanae plane with a given circle and touch- 
ing the circumference at one and only one point, no matter how far extended. 

Transversal: If a line t cuts several lines a, 5, c, 
etc., t is called a transversal of the lines a, 6, 
c, etc. 

Trapezoid: A quadrilateral with two sides parallel 
and the other two sides not parallel. 

Trapezium: A quadrilateral none of whose sides 
Fig. 3 are equal and none of whose angles are equal. 

Vertical Angles: The pairs of opposite angles formed 
'when one straight line intersects another straight line. In the figure a and 6, 
or c and d are vertical angles. 



Plane Geometry Theorems 


(The following theorems are not listed in logical sequence, but are arranged 
in classified groups for ready reference. Any polygons mentioned are convex 
polygons.) 


I. Congruent Triangles 

1. Two triangles are congruent if two sides and the included angle of one 

are respectively equal to two sides and the included angle of the 
other. BAS = SAB. 

2. Two triangles are congruent if two angles and the included side of one 

are respectively equal to two angles and the included side of the 
other. aba == ABA. 

3. Two triangles are congruent if the three sides of one are respectively 

equal to the three sides of the other. BBS = BBS. 

4. Two triangles are congruent if a side and any two angles of one are 
respectively equal to a side and two angles of the other. A AS = A AS. 

5. Two right triangles are congruent if the hypotenuse and an acute 

angle of one are respectively equal to the hypotenuse and an acute 
angle of the other. jj/1 ~ 

6. Two right triangles are congruent if the hypotenuse and a leg of one 
are respectively equal to the hypotenuse and leg of the other. 

11. Isosceles Triangles 

7. If two sides of a triangle are equal, the angles opposite these sides are 
equal. 

A. If a triangle is equilateral it is also equiangular. 

B. The bisector of the vertex angle of an isosceles triangle is the per- 
pendicular bisector of the base, 

C. The perpendicular bisector of the base of an isosceles triangle 
passes through the vertex. 
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D. In an isosceles triangle the median from the vertex is perpendicular 
to the base. 

8. If two angles of a triangle are equal, the sides opposite these angles 
are equal. 

A. If a triangle is equiangular it is also equilateral. 

III. Right triangles 

9. The mid-point of the hypotenuse of a right triangle is equidistant 
from all three vertices. 

10. If the acute angles of a right triangle are respectively 30° and 60°, 
the hypotenuse is twice the shorter leg. 

11. If the hypotenuse of a right triangle is twice the shorter leg, the 
acute angles are respectively 30° and 60°. 

12. In a right triangle if an altitude is drawn to the hypotenuse, 

i) the triangle is divided into two right triangles which are similar 
to the given triangle and similar to each other; 
ii) the altitude is the mean proportional between the projections of 
the legs upon the hypotenuse; 

hi) either leg is the mean proportional between the hypotenuse and 
the projection of that leg upon the hypotenuse. 

13. In any right triangle the square of the hypotenuse equals the sum of 
the squares of the two legs. 

14. If the square of the longest side of a triangle equals the sum of the 
squares of the other two sides, the triangle is a right triangle. 

IV. Triangles in General 

(a) Inequalities 

15. If two sides of a triangle are unequal, the angles opposite these sides 
are unequal, and the angle opposite the greater side is the greater. 

A. In any triangle the angle opposite the greatest side is the greatest 

angle. 

16. If two angles of a triangle are unequal, the sides opposite these 
angles are unequal, and the side opposite the greater angle is the 
greater. 

A. In any triangle the side opposite the greatest angle is the greatest 
side. 

17. If two triangles have two sides of one equal to two sides of the other, 
but with the included angle of the first greater than the included 
angle of the second, then the third side of the first is greater than 
the third side of the second. 

18- If two triangles have two sides of one equal to two sides of the other, 
but with the third side of the first greater than the third side of the 
second, then the angle opposite the third side of the first is greater 
than the angle opposite the third side of the second. 
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(b) Concurrent Lines. Centers of a TriangU* 

19 The perpendicular bisectors of the side.s of any triangle ituad, ip a 
point which is equidistant from all three vertices, dlii.s point is the 

20 The bisectors of the angles of any triangle meet in a iioint which is 
equidistant from all three sides. This point is the inamirr. 

21. The altitudes of a triangle meet in a point. This point is tlio ortho- 

c&yyt&T . 

22. The medians of a triangle meet in a point whicli is two-thirds of the 
way from any vertex to the mid-point of the opposite' side. This 
point is the center of gravity or centroid, 

(c) Proportional Division 

23. If a line cuts two sides of a triangle and is i>araU('l to ihv tliird side, 
it divides the first two sides proportionally in the same s<‘ns('. 

24. If a line cuts two sides of a triangle so as to divide t host' two sides 
proportionally in the same sense, this line is parallel to tlu' third side. 

26. The bisector of an interior angle of a triangle divides the opposite 
side into segments which are proportional to the adjac'c'iit sidt's of 
the triangle, and conversely. 

26. The bisector of an exterior angle of a triangle divides tiie opposite 
side externally into segments which are proportional to the adjacent 
sides of the triangle, and conversely. 

(d) Mid-points 

27. If a line bisects one side of a triangle and is parallel to a sc'cond side, 
it bisects the third side. 

28. If a line connects the mid-points of two sides of a trisingle, it is 
pai’allel to the third side and equals one-half the third side. 

(e) Angle Sums 

29. The sum of the interior angles of any triangle is 18()°. 

A. An exterior angle of a triangle equals the sum of tlie two remote 
interior angles. 

B. An exterior angle of a triangle is greater than either of tlie remote 
interior angles. 

C. A triangle cannot have more than one right angle or more than 
one obtuse angle. 

p. If two triangles have two angles of one respectively equal to 
two angles of the other, then the third angles are equal, 

V. Angle Sums in Polygons 

30. If a polygon has n sides, the sum of the interior angles is (n — 2)180°. 
A. If a regular polygon has n sides, each angle equals 

(n - 2)180° 
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31. The sum of the exterior angles of a polygon made by extending each 
of the sides once in succession is 360®. 


VI- Parallels and Perperidiculars 

32. From an external point one and only one line can be drawn perpen- 
dicular to a given line. 

33. The shortest distance from an external point to a given line is the 
perpendicular from that point to the line. 

34. Two lines perpendicular to the same line are parallel^ provided that 
all three lines lie in a specified plane. 

35. If a line is perpendicular to one of two parallel lines, it is perpen- 
dicular to the other, also, provided that all three lines lie in a specified 
plane. 

36. If two parallel lines are cut by a transversal, 

i) the alternate-interior angles are equal; 

ii) the interior-exterior (corresponding) angles are equal; 

iii) the alternate-exterior angles are equal ; 

iv) the co-interior angles are supplementary; 

v) the co-exterior angles are supplementary. 

37. If two lines in the same plane are cut by a transversal, they are 
parallel if 

i) the alternate-interior angles are equal; 

ii) the interior-exterior (corresponding) angles are equal; 

iii) the alternate-exterior angles are equal; 

iv) the co-interior angles are supplementary; 

v) the co-exterior angles are supplementary. 

38. The perpendicular distance between two given parallel lines is 
constant. 

43-A. If two parallel lines intersect two other parallel lines, either pair 
cuts off equal segments on the other pair. 

39. If three or more parallel lines in the same plane have equal inter- 
cepts on one transversal, they have equal intercepts on any other 
transversal. 

40. Three or more parallel lines in the same plane have proportional 
intercepts on any two transversals. 

41. Two angles in the same plane are equal 

i) if their sides are parallel, right-to-right, left-to-left; 

ii) if their sides are respectively perpendicular, right-to-right, left- 
to-left. 

42. Two angles in the same plane are supplementary 

i) if theii sides are parallel, right-to-left, left-to-right ; 
ii) if their sides are respectively perpendicular, right-to-left, left- 
to-right. 
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VII. Parallelograms 

43. The opposite sides of a parallelogram are equal. 

A. If two parallel lines intersect two other parallel lines, either pair 
cuts off equal segments on the other pair. 

B. The adjacent angles of a parallelogram are supplementary; the 
opposite angles are equal. 

44. If the opposite sides of a plane quadrilateral are equal, the figure is 
a parallelogram. 

45. If two sides of a quadrilateral are equal and parallel, the figure is a 
parallelogram. 

46. The diagonals of a parallelogram bisect each other. 

47. If the diagonals of a quadrilateral bisect each other the figure is a 
parallelogram. 

48. The diagonals of a rhombus are perpendicular bisectors of each 
other, and they bisect the angles of the rhombus. 

49. The diagonals of a rectangle are equal; the diagonals of a square 
are equal. 

A. The diagonals of a square are perpendicular bisectors of each 
other, and they bisect the angles of the square. 

Vm. Trapezoids 

50. The median of a trapezoid is parallel to both bases, and equals one- 
half the sum of the bases. 

51. The base angles of an isosceles trapezoid are equal. 

52. If the base angles of a trapezoid are equal, the trapezoid is isosceles. 

IX. Similar Triangles 

53. Two triangles are similar if two angles of one respectively equal two 
angles of the other. 

A. Two right triangles are similar if an acute angle of one equals an 
acute angle of the other. 

54. Tw’o triangles are similar if two sides of one are proportional to two 
sides of the other and the included angle of the first equals the in- 
cluded angle of the second. 

A. A line intersecting two sides of a triangle and parallel to the third 
side cuts off a triangle which is similar to the given triangle. 

55. Two triangles are similar if the three sides of one are respectively 
proportional to the three sides of the other. 

56. In similar triangles, corresponding altitudes and corresponding 
medians have the same ratio as any two corresponding sides. 

57. The perimeters of two similar triangles have the same ratio as an^^ 
tvro corresponding sides. 

58. The areas of two similar triangles have the same ratio as 

i) the squares of any two corresponding sides; 
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ii) the squares of corresponding altitudes or medians; 

iii) the squares of the perimeters. 

X. Similar Polygons 

59. If two polygons are similar they can be divided by corresponding 
diagonals into pairs of similar triangles which are similarly placed. 

A. If two polygons are similar, corresponding diagonals have the 

same ratio as any two corresponding sides and the same ratio as 
the perimeters. 

60. If two polygons of the same number of sides can be divided by 
corresponding diagonals into pairs of triangles which are similar and 
similarly placed, the polygons are similar. 

61. Two regular polygons of the same number of sides are similar. 

A. In two regular polygons of the same number of sides, the perim- 
eters, apothems, or radii have the same ratio as any two cor- 
responding sides. 

62. The areas of two similar polygons have the same ratio as 

i) the squares of any two corresponding sides; 

ii) the squares of corresponding diagonals; 

iii) the squares of the perimeters. 

A. If two regular polygons have the same number of sides, their 
areas have the same ratio as 

i) the squares of any two corresponding sides; 

ii) the squares of their apothems; 

iii) the squares of their radii; 

iv) the squares of their perimeters. 

XI. Regular Polygons 

63. A circle can be circumscribed about or inscribed in any regular 
polygon. 

A. The radii of a regular polygon form equal angles at the center. 

B. The radii of a regular polygon bisect the interior angles. 

C. Any interior angle of a regular polygon is the supplement of any 
one of the central angles. 

D. Any apothem of a regular polygon bisects the side to which it is 
drawn. 

XII. Circles. (Chords, tangents, secants) 

64. A diameter perpendicular to a chord bisects that chord and both 
arcs subtended by that chord. 

65. The perpendicular bisector of a chord passes through the center of 
the circle. 

66. If two chords of a circle are equal, they are equidistant from the 
center of the circle, and conversely. 

67. If two chords of a circle are unequal, the greater chord is nearer to 
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the center of the circle. Conversely, if two chords are unequally 
distant from the center, the nearer chord is the greater. 

68. A line which is perpendicular to a radius of a circle at the outer end 
of that radius is tangent to the circle. 

69. If a radius of a circle meets a tangent to the circle at the point of 
tangency, the radius is perpendicular to the tangent. 

A. If two circles are tangent to each other, their line of centers 
passes through the point of tangency. 

70. Two tangents drawn to a circle from a given external point are 
equal, and the\' make equal angles with the line connecting the 
given point with the center of the circle. 

71. If two chords intersect each other, the product of the segments of 
one equals the product of the segments of the other. 

72. If a tangent and a secant are drawn to a circle from a given external 
point, the tangent is the mean proportional between the whole 
secant and the external segment of that secant. 

A. If from a given external point any secant is drawn to a given circle, 
the product of the whole secant and its external segment is constant. 

XIII. Angles arid Circles 

73. A central angle is measured by its intercepted arc. 

74. An inscribed angle is measured by one-half of its intercepted arc. 

A. An angle inscribed in a semicircle is a right angle. 

75. The opposite angles of a cyclic quadrilateral are supplementary. 

76- If the opposite angles of a quadrilateral are supplementary the 

quadrilateral is cyclic. 

77. If two lines intersect each other within a circle, either angle thus 
formed is measured by one-half the sum of its two opposite inter- 
cepted ares. 

78. If two lines are drawm to a circle from a given external point, the 
angle thus formed is measured by one-half the difference of the arcs 
intercepted by this angle. (These lines may be two secants, two 
tangents, or a secant and a tangent.) 

79. If a chord meets a tangent at the point of tangency, either angle be- 
tween the chord and tangent is measured by one-half its intercepted 
arc. 

XIV. Loci * 

80. In a given plane the perpendicular bisector of a line-segment is the 
locus of points which are equidistant from the ends of the line- 
segment. 

* Recall that if you are to prove that a certain line or curve c is a locus under certain 
given conditions, then you must prove: 

(1) Any point on c satisfies the given conditions. 

(2) point which satisfies the given conditions lies on or, what is the same thing 
Any )s>oiDi nxti on c does not satisfy the given conditions. 
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A. Two points each equidistant from the ends of a given line-seg- 
ment determine the perpendicular bisector of that line-segment, 
provided that the two given points and the given line-sfegment 
lie in one plane, 

B. If two circles in the same plane intersect each other, their line of 
centers is the perpendicular bisector of their common chord- 

81. In a given plane the bisector of an angle is the locus of points which 
are equidistant from the sides of the angle. 

A. In a given plane the locus of points which are equidistant from 
two intersecting straight lines is a pair of lines which bisect the 
angles formed by the two intersecting lines. 

82. If an angle with vertex P is constant in size, and if its sides pass 
through two fixed points A and B — P being and remaining on one 
side of the segment AB — the locus of the point P in a given plane 
is an arc of a circle which passes through the points A and B, 


XV. Measurement Formulas. (Triangles, polygons, circles) 

83. The area of a rectangle is the product of its base and altitude. 

84. The area of a parallelogram is the product of its base and altitude. 

A. The area of a rhombus is one-half the product of its diagonals. 

85. The area of a triangle is one-half the product of its base and altitude. 

A. The area of a right triangle is one-half the product of its legs. 

B. In a triangle ABC: 

K = ^{ah sin C) ~ i{cic sin B) = ^{hc sin A). 

C. If two triangles have an angle in common, their areas have the same 
ratio as the products of the sides which include the common angle. 

D. In a triangle A PC: K = ^ s(s — a){s — h){s — c), where 

5 -}- 5 + c). 


86 . 

87 . 

88 . 

89 . 

90 . 


The area of a trapezoid is the product of the altitude and one-half 
the sum of the bases. 

A, The area of a trapezoid is the product of its altitude and median. 
The area of any regular polygon is one-half the product of its apothem 
and perimeter. 

The circumference of a circle of radius r is 27rr. 

The area of a circle is one-half the product of its radius and cir- 
cumference, or Trr^. 

In a circle of radius r, the area of a sector having a central angle of 
6° is given by the formula: 


K 


e 

360 


(TTr-) . 


A. In a circle of radius r, the area of a sector whose arc is s, s being 
measured in linear units, is given by the formula: 


K = J(rs). 
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XYI. Limit Theorem from Higher Mathematics 

91. If two variable quantities are continually equal to each other as 
they approach their respective limits, their limits must be equal. 


XVI L Power Series from Higher Algebra 

92. The sum of the first n terms of the power series 
P + 22 + 32 + 42 + • • • + n2 
n 

is given by the formula: S = ^(2?i + 1)(^ + 1). 

A proof of this formula may be found by consulting any good 
textbook of Advanced Algebra. The most common method of proof 
is by means of Mathematical Induction. 

The use of the formula is simple and direct. For example if we 
wish to find the sum of the first 12 terms of the series, substitute 12 
for n in the formula: 

Thus: S = ^^-[2(12) + 1]C(12) + 1] = 650. 



AXIOMS 

1. Quantities which are equal to the same quantity or to equal quantities are 
equal to each other. 

2. A quantity may be substituted for its equal in an equation or in an inequality. 

3. The whole equals the sum of all its parts, and is therefore greater than any 
of its parts. 

4. Both members of an equation may be operated upon in the same manner 
mathematically without destroying the equality. 

5. If unequals are added to uneqiials in the same order the results are unequal 
in the same order. 

6. If unequals are subtracted from equals the results are unequal in reverse 
order. 

7. If unequals are operated upon mathematically by positive equals in the same 
manner the results are unequal in the same order. 

8. If a > b and b > c, then a > c. 

POSTULATES 

1. One and only one straight line ean be drawn between two given points. 

A. Two given straight lines can intersect in not more than one point. 

2. The shortest distance between two given points is a straight line. 

3. All straight angles are equal. 

A. All right angles are equal. 

B. At a point on a given line one and only one line can be erected perpen- 
dicular to the given line — provided that both these lines are to lie in a 
specified plane. 

C. Equal angles have equal complements and equal supplements, and con- 
versely. 

D. If two straight lines intersect each other the vertical angles are equal in 
pairs - 

E. If two angles are unequal the greater angle has the smaller complement 
and the smaller supplement, and conversely. 

4. Through a given external point one and only one line can be drawn parallel 
to a given line. 

A. Lines which are parallel to the same line are parallel to each other — 
provided that all the lines lie in a specified plane. 

5. If a regular polygon is inscribed in or circumscribed about a given circle, and 
if the number of sides of the polygon becomes infinite, 

i) the perimeter approaches the circumference of the circle as a limit; 

ii) the area approaches the area of the circle as a limit; 

iii) the apothem of the inscribed polygon, or the radius of the circumscribed 
polygon, approaches the radius of the circle as a limit. 
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PLANES 


!• Surface. A precise definition of surface is difficult to state, and for present 
purposes is not necessary. In geometry we say that a point is that which has 
position only, having no length, width or thickness. We speak of a line as that 
which has length only, having no width or thickness. Correspondingly, we may 
regard a surface as that which possesses area but no thickness. In Plane Geom- 
etry we are accustomed to say that a line may be traced or generated by a mov- 
ing point. Correspondingly, we say that a surface may be generated by a line or 
line-segment of some sort moving through space. 

2. Plane. A plane is a surface such that a straight line connecting any two 
points of that surface lies completely within that surface. 

In what respect does the sur- 
face illustrated in Fig. 4 fail to 
satisfy the definition of a plane? 

3. Representation of Planes. 

A plane is of indefinite extent. 

However, when we draw a picture 
of a plane we usually indicate a 
finite portion of it, this portion being represented customarily by a rectangle 
or parallelogram. The usual way to designate a plane is by a single letter or 

possibly by two letters. Thus, in Fig. 5 
we have a plane N or a plane ES. 

4. Points are collinear if they lie in one 
straight line; otherwise they are non-col 
linear. Points or lines are coplanar if they 
lie in the same plane ; otherwise they are 
non-coplanar. 

5. Postulate 6. One and only one plane 
is determined by two given intersecting 

straight lines. (That is, one and only one plane can be drawn to contain two 
given intersecting straight lines.) 

6. Corollaries to Postulate 6. One and only one plane is determined by 
A. a given straight line and a point not on that line; 



Fig. 5 
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B, three given non-collinear points; 

C. two given parallel lines. 

Corollaries A and B follow at once from the postulate itself. Corollary C is 
obvious from the definition of parallel lines and from Postulate 4. 


each other, their intersection is a 

straight line. 

N\ 

M 



Fig. 6 


7. Postulate 7. If two planes intersect 



Fig. 7 

EXERCISES 

Grou'p One 


1. If a piece of paper is folded why must the crease be straight? 

2. Why will a three-legged stool always stand without rocking? 

3. Which of the following are necessarily plane figures? a) parallelogram; b) triangle; 
c) circle; d) quadrilateral; e) rectangle; f) trapezoid; g) a circle witli a line drawn 
tangent to it. 

4. State a converse of Postulate 7. Is this converse true? 

5. Under what conditions is the following statement true? ‘‘If two planes have three 
points in common, the two planes must coincide.” 

6. How many planes can be drawn to contain a given straight line m? 

7. If a straight line m intersects a plane how many points do m and 8 have in common? 

8. N and >S are two intersecting planes. A third plane M. intersects both N and How 
many points are there which are common to M, W and Discuss possible cases. 

9. In general, if three lines a, 6, c are concurrent at a point P, how many planes are de- 
termined by these lines? 
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10. If two parallel lines a and h are each intersected by two other parallel lines c and d, 
show that a, h, c, d are coplanar. 

11. Is it possible for a straight line-segment to move in space in such a way that it 
cannot generate a surface? 

12. Tell which of the following statements is valid if the geometric figures mentioned are 
assumed to lie in space. 

a) At a point in a line m one and only one line can be drawn perpendicular to m. 

b) From a given external point, one and only one line can be drawn perpendicular to a 
given line m. 

c) Two lines perpendicular to the same line are parallel. 

d) The sum of the angles of a triangle is two right angles. 

e) If two straight lines intersect the vertical angles are equal. 

f) Two triangles are similar if their corresponding sides are proportional. 

g) Two triangles are congruent if = SAS. 

h) A line perpendicular to one of two parallel lines is perpendicular to the other, also. 

i) The locus of points equidistant from the ends of a line-segment is the line which bi- 
sects this line-segment perpendicularly. 

j) The diagonals of a parallelogram bisect each other. 

13. Answer each of the following informally in your own words. No proof of any sort is 

expected. ^ 


a) C is the mid-point of a fixed line-segment AB. CD is a 
line which is perpendicular to AB. Let CD rotate, always 
remaining perpendicular to AB. What sort of surface 
will CD generate? 



b) AB is a fixed line. CD || AB, and is 2 in. from AB. Let CD 
move around AB, always remaining parallel to AB and 2 in. 
from it. What sort of surface will CD generate? 



Fig. 9 


c) Explain how a spherical surface (i.e., the surface of a ball) can be generated by some 
sort of moving line-segment. 


d) How can the curved surface of a cone be generated by a moving 
line-segment? 



Fig. 10 
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e) The figure illustrated here has the shape of an inverted tub. 
Explain how the curved surface of the figure can be gen- 
erated by a moving line-segment. 



14. How does a potter working at a potter’s wheel illustrate the geometric concept of 
surfaces being generated by moving line-segments? 

In the front of the book there is a reference list of theorems which have been 
established in Plane Geometry. In the text whenever allusion is made to one 
or more of these, the abbreviation “Ref. 63’^ or “Ref. etc., will be used, 

meaning that you are to consult Theorem 63, Theorem 85-B, etc., in this list. 

The following exercises require little or no technical knowledge of Solid 
Geometry. Their obvious purpose is to acquaint you with the task of visual- 
izing and working with space diagrams. In three-dimensional drawings we 
have to employ “ perspective^’ in our representations. It requires a certain 
amount of imagination to interpret a space drawing correctly. In turn, it 
often requires considerable care and ingenuity to create a space drawing which 
is clearly suggestive of the geometric figure which you are endeavoring to 
depict. 


EXERCISES 
Group Two 


1. At A, the mid-point of a line-segment PQ, any two line- 
segments AB and AC are drawn perpendicular to PQ. Draw B 
PB, PC, QB, QC and BC. Find three different pairs of congruent 
triangles. In each case prove the congruence. 


Fig. 12 


2. AB lies in a plane M. Point H is above M. 
HD is perpendicular to AB at D, the mid-point 
of AB. In plane M, line DF is perpendicular 
to AB. E is any point on DF. Draw AE and 
BE. Prove that AHAE is congruent to 
AHBE. 


H 



Fig. 13 
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3. AABC lies in a plane M, ZACB = 90°. CB = 6 in., 
C A — 8 in. A line DC is drawn so as to be perpendicular 
both to CA and CB. DC = 15 in. Find the lengths of 
the sides of AABD. 


D 



4u AABC, right-angled at C, lies in a plane M. At A 
a line AD is drawn perpendicular to AB and AC. 
Prove that ADCB is a right triangle by using Ref. 14. 


D 



Fig. 15 


5. A plane M contains diagonal DB of a parallelo- 
gram ABCD. In plane M and through O, the 
intersection of the diagonals of ABCD, a line EOH 
is drawn, bisected by point O. Draw CH and 
AE. Prove AE - CH. 



6. In Ex. 5 show that CH and AE are coplanar. T\liere is the intersection of this plane 
with the plane of ABCD? V 


7. In Ex. 5 draw EC and AH and show that AHCE 
is a parallelogram. 

8. AABC lies in a plane M. E is a point above the 
plane. VA, VB, VC are drawn. D, E, F are re- 
spectively the mid-points of VA, VB, VC. Prove: 

a) AVDE AVAB', 

b) AVEF ^ AVBC; 

c) AVFD-^ AVCA; 

d) ADEF ^ AABC. 



Fig. 17 
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9. In Ex. 8 if the area of /\ABC is 20 sq. in., find the area of ADEF. 

8. Two Common Errors. In the preceding exercises you made use of certain 
facts established in Plane Geometry. In general that is the procedure through- 
out Solid Geometry. Be warned, however, against two very common and very 
natural logical errors. 

(1) Before using a statement already established in Plane Geometry be certain 
that the truth of the statement does not break down when you work in 
space. For example, in space any number of lines can be drawn perpen- 
dicular to a given line at a given point on that line. Hence, the unqualified 
statement: '‘At a point in a line only one perpendicular can be erected to 
that line^^ is invalid in three-dimensional geometr\^ 

(2) Before using a statement already established in Plane Geometry, even if 
you are certain that the statement is true when applied to si)a(‘e geometry, 
be sure that the proof of that statement when applied to a three-dimensional 
figure would be essentially no different from the pi’oof used in Plane Geom- 
etry. If the proof of the three-dimensional case is necessarily different, 
then to employ this statement without further proof is a logical fallacy. 
For example, tYie 'unqualified statement: “Two angles with their sides par- 
allel right-to-right, left-to-left are equaP^ has been proved only for the 
case when the two angles lie in the same plane. The statement is a true 
one in space, but when the angles are not in the same plane a different proof 
in general must be used. 
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9- Line Perpendicular to Plane. If a line x meets a plane ikT at a point 
P in such a way as to be perpendicular to all lines in M which pass through P, 
line X is said to be perpendicular to the plane M. 

Conversely, if a line is perpendicular to a plane, it must be perpendicular to 
all lines in that plane which pass through its foot. (The point of intersection of 
a line with a plane is often called the foot of the line.) 

If a line is perpendicular to a plane, the plane is said to be perpendicular to 
the line. 

If a line meets a plane and is not perpendicular to the plane, the line and 
plane are said to be oblique to each other. 

10. Theorem 1 . 

If a line is perpendicular to each of two other lines at their point of 
intersection, it is perpendicular to the plane of those lines. 

Given: x 1. y, x z] z meets y ojt P; z and y determine a plane M. (See 
Fig. 18.) 

Prove: x _L M. 

1) Let w be any other line through P in M. (See Fig. 19.) On x take any 
point A. Extend x through M to a point D so that AP = PD. In M draw 
any line cutting y 2 X B, z at C, w at E. Draw AB, AC, AE, DB, DC, DE. 

2) CA = CD and BA - BD. Why? 

3) Prove AABC ^ ADBC and obtain A ABC = ZDBC. 

4) Prove AABE ^ ADBE and obtain EA = ED. 

5) Then EP J_ AD (Ref. 80-A). That is, x ± w. 

6) But w is any line in M through F, other than x and y. 
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11. Constructions in Solid Geometry. At this point it is d(\sirable to men- 
tion the general problem of making constructions in Solid (leometry. 

The treatment of constructions in space is necessarily more artificial than 
that of Plane Geometry constructions. For example, with pencil and paper- 
we are unable to construct a plane or a spherical surface in tlie same sense that 
we actually construct a straight line or a circle by the use oi straight-edge and 
compass. Several illustrations may help to clarify' this idea. 

Example 1. Given a line x and an external 
point P. Construct a plane containing x and P. 

From § 6 we know that x and P determine 
one and only one plane. 

From the great number of possible planes 
existing in space select that one which is de- 
termind by x and P. 

Indicate this plane (or a portion of it) in your 
diagram. 

^‘Constructing” a plane, therefore, amounts 
to 

(1) having at hand or producing the proper combination of x)oiuts or lines (§§ 5, 6) 

which will determine the plane; 

(2) indicating this plane in the diagram. 



Fig. 20B 


Example 2. Given two points A and B in space. 
Construct line-segment AB. 

Select any third point C. Construct the plane M 
which is determined by A, i?, C (§ 6-B). 

In plane M draw AB. 


'B 

Fig. 21 a 



Example 3. Given a point P on a line x in space. 

Construct a line y which shall be perpendicular to 
X at P. 

There are innumerable planes in space which contain 
line X. Construct one of these planes. Call it the 
plane M, 

Working now in plane M we have the Plane 
Geometry problem of constructing a line which shall be 
perpendicular to a; at P. 

It is not necessary to explain the details of making 
this construction, for it has already been demonstrated 
and proved in Plane Geometry. We are at liberty to 
use Plane Geometry material provided that we apply 
that material to one plane surface at a time. Therefore, 


Fig. 22A 



Fig. 22B 
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we merely say; In plane M construct y perpendicular to x at P/' Finally, indicate 
the line y in the diagram. 

Example Given an external point P and a line x. 

From P construct a line y which shall be perpendicular to x. 

Study the diagram and work out the construction for 
yourself. / 

The following fundamental constructions, each of 
which has been considered in the preceding illustra- 
tions, are listed for your convenience. Be able to per- 
form these constructions. These constructions may be 

quoted as authorities whenever you are required to make other constructions 
later on. 

12. Construction 1. 

Construct a plane under any one of the conditions mentioned in 
§§ 5 and 6. 

13. Construction 2. 

Construct a straight line determined by two given points in space. 

14. Construction 3. 

At a point P in a given line x construct a line perpendicular to x. 

15. Construction 4. 

From an external point P construct a line perpendicular to a given 
line X. 

16. Construction 5. 

Through a given external point P construct a line x w^hich shall be 
parallel to 'a given line y. 

Construct the plane M determined by P and y. Now work in plane M, 
recalling the corresponding construction in Plane Geometry. 

17. Construction 6. 

At a point P in a given line x construct a plane M w^hich shall be per- 
pendicular to X. 

At P draw two lines y and each perpendicular to x (§14) Show that 
the plane M determined by y and is the required plary^*^ 
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18. CONSTKTJCTION 7. 

Through a given external point P construct a plane M whic^li shall l)e 
perpendicular to a given line x. 

From P draw line y perpendicular to x (§ 15). Let y cut x at a point A. 
At A draw a line z perpendicular to x (§ 14). Show that the plane M de- 
termined y and z is the required plane. 

19. Theorem 2. 

Through a given point there is one and onl.y one planc^ whicli is ])erpen- 
dicular to a given line. 

From §§ 17, 18 there is at least one such plane. We are to show that there 
is not more than one such plane. 

Let P be the given point; let x be the given line; let 1/ be one i)laiie ± x. 
There are two cases to be considered: 

(a) when P lies on x; 

(b) when P is an external point. 

(a) P lies on x (Fig. 24). 

1) Assume there is a second plane S which is 
perpendicular to x at P. 

2) Draw any plane T containing x and cutting 
M in line and >8 in line /. 

3) w and /must both be perpendicular to 
a: (§ 9). 

4) But since w and / are coplanar, they cannot 
both be perpendicular to a; at P (Postulate 3-1^). 

5) the assumption of a second plane S perpendicular to x at P Ic^ads to a 
contradiction, and must therefore be false. 

6) M is the only plane which is perpendicular to x at P. 


(b) P is an external point (Fig. 25). 

Assume that there is a second plane S through P 
and perpendicular to x. Apply the general method of 
proof used for case (a). 




Fig. 25 
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20. Corollary A (Th. 2). 

Any line which is perpendicular to a given line at a given point in that 
line must lie in the plane which is perpendicular to the given line at the 
given point. 


Given: y 1. x P in x) M JL x at P. 

Prove: y must lie in M. 

Draw plane S determined by y and x ; let S 
cut M in a line y\ 

y and y' are each perpendicular to x at the 
same point P; also, y and y' are coplanar. 

Why must y coincide with y\ and hence lie 
in plane M? 

Fig. 26 

21. Construction 8. 

At a given point P in a plane M construct a line which shall be perpen- 
dicular to M. 

In M draw any line x through P. 

Through P draw the plane S which is 
perpendicular to x (§ 17). Let S cut M in 
line y. 

In S draw line z perpendicular to y at 
point P. 

Then z is the required line. 

Proof: 

S X , ox X A - S. X 1 _ 2. 

That is, z A_ X. 

But z JL y, also. 

/. z ±M (§ 10). 

22. Construction 9. 

Through a given external point P construct a line which shall be per- 
pendicular to a given plane M. 

In M draw any line x. P and x determine a plane. From P and in this 
plane draw w perpendicular to x, meeting ic at a point C, In M draw t _L x 
at C. 



Fig. 27 
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From P and in tlie plane of w and t draw h 
perpendicular to t. 

Line h is the required line. 

Proof: 

On X choose any point A (other than C) . 
Draw y from D to A, and z from P to A. 

Triangles PC A, ACD, CDP are right 
triangles by construction. 

Show that AADP is a right triangle by 


P 



Ref. 14. 

Then h ± y. And since h J_ h L M (§ 10). 


23, Theorem 3. 


Through a given point there is one and only one line wlii(‘h is perpen- 
dicular to a given plane. 


From §§ 21, 22 there is at least one such line. We are to show that there 
is noi more than one such line. 

Let P be the given point ; let M be the given plane. 

There are two cases: (a) P lies in ilf; (b) P is an external point. 


(a) P lies in M (Fig. 29). 

1) Letsbe JL M at P (§21). 

2) Assume there is a second line t through P 
which is also ± M. 

3) Draw plane F determined by z and t. 

4) Obtain a contradiction to Postulate 3~H. 



(b) P is an external point (Fig. 30). 

Let /i be JL M (§ 22). Assume a second line / 
from P to be i_ ikf. Draw plane S determined by 
h and f, and obtain a contradiction to Ref. 32. 


24. Corollary A (Th. 3). 



The shortest distance from an external point to a given plane is the 
perpendicular from that point to the given plane. 
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25. Distance from a Point to a Plane. The distance from an external point 
to a plane is the perpendicular distance. 

26. Theorem 4. 

If from a point in a perpendicular to a plane two equal obliques are 
drawn to the plane, they meet the plane at points which are equi- 
distant from the foot of the perpendicular, — and conversely. If 
from a point in a perpendicular to a plane two unequal obliques are 
drawn to a plane, the longer oblique meets the plane at a point farther 
away from the foot of the perpendicular than does the shorter oblique, 

— and conversely. 


There are obviously four parts to the theorem. In each part we are given 
a line x perpendicular to a plane M at a point D. Point A is the given point 
on X. The four parts are as follows: 

Given Prove 

(a) ij ^ w / = i 

(b) / = y = w 

(c) y > w f > t 

(d) f > t y > w 

The proof is easily accomplished by study- 
ing the right triangles. 

27. Theorem 5. Tig. 31 

If from the foot of a perpendicular to a plane a line is drawn at right 
angles to any line w in that plane and meeting w at P, then the line 
connecting P with any point of the given perpendicular must be per- 
pendicular to w. 



Given: x J_ M at D; w any line in M 


and not containing D; line y through D 
and _L at P ; A any point on x. 

Prove: AP 1. w. 

Choose any point P on ir. 

Draw BD and BA, as shown. 

Let AB - h, DB ^ t, PE ^ z, 

AP = /. 

Show that ZAPB is a right 
angle by showing that 
h- = /2 + 2 : 2 . 

Note: This theorem is 
sometimes referred to as 
“ The Theorem of the Three 




Perpendiculars. 


Fig. 32 
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EXERCISES 
Oroup Three 


1. Prove Theorem 5 by the following method. 
On t/; take PE == PF. Draw DE, DF, AE, AF. 
Use congruent triangles and Ref. 80~A. 



2. A circle with center 0 lies in a plane M. Line h 
is perpendicular to M at 0. Line t is tangent to 
circle 0 at A . R is any point on h. Prove : BA _L t. 


B 

h 




Fkj. 3-1: 


3. A circle with center O lies in a plane M, A line h is perpendiculaf to M at O, AB is 
a chord of the circle. From C, any point on h, a line is drawn to bisect AB at a point E. 
Prove: CE ± AB. 


4. In the figure of Ex. 2 show that S, the plane of BO and BA, is p(a-t>endicular to t 
In Ex. 3 show that N, the plane of CO and CE, is perpendicular to chord AB 


5. In this figure: AC X M at C; DE is a line 
inM; AB ± DEsitB. Prove: CB ± DE. 
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6. In the accompanying figure w and 2 ! lie in a 
plane M. w zqAj B) y A. z B. From any 
point C on ^ is dropped perpendicular to 
meeting w A. Prove: x 1. M. 



7. AAjBC, right-angled at C, lies in a plane 
M. At D, the mid-point oi AB, DE is drawn 
perpendicular to M. Prove: EA — EC — 
EB. 


E 



Fig. 37 


8. In the preceding figure if AC — 6 in., CB = 8 in., DE 12 in., find the lengths 
EA, EC, EB, respectively. Find the area of AACE, 


9. AACD, right-angled at C, lies in a 
plane M. BD A M at D. AC = 
6 in., CD = 8 in., BD = 15 in. Find 
the areas of triangles BAD and ACB, 
and the length of AB. 



B 


D 


of 


10. AABC lies in a plane M. At 0, the circumcenter 
of AABC, line h is perpendicular to M. Prove that 
any point P on h is equidistant from the points A, B, C 
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11. In the figure for Ex. 10, let D be any point which is 
equidistant from A, and is not necessarily in plane M. 
Prove that D must lie on h. (From D draw x perpendicular 
to M, meeting M at E. Show that E coincides with O, and 
hence that x coincides with h.) 



Fi(5. 40 


28. Theobem 6. 

The locus of points which are equidistant from thrc^e given non-col- 
linear points is the straight line which is perpendicular to the plane 
of the given points at the circumcenter of the triangle determined by 
these points. 

(For proof see Exs. 10 and 11 above.) 

Note: It is well to bear in mind constantly that in general if you are to 
show that some line or figure c is a certain locus, then you must prove : 

(a) any point on c satisfies the conditions of the locus; 

(b) any point w^hich satisfies the conditions of the locus must lie on c, — or, 
what is the same thing, show that any point not on c do(‘S not satisfy the 
conditions of the locus. 


29. Corollary A (Th. 6). 

Two points each equidistant from three given non-collinc^ar points 
determine the straight line which is perpendicular to the plane of 
the given points at the circumcenter of the triangle dcitermincd by 
these points. 

Exercise: What is the locus of points which are equidistant from all the 
points on the circumference of a given circle? Prove. 

30. Theorem 7. 

The locus of points which are equidistant from two given points is 
the plane which bisects perpendicularly the line-segment joining the 
two points. 
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In the two accompanying figures, plane M 
bisects AB perpendicularly at the point C. You 
are to prove that M contains all possible points 
which are equidistant from A and B. 

(a) 

Show that any point P in M is equidistant 
from A and P. 



(b) 

Let Q be any point known to be equidistant 
from A and B. Draw QA, QC, QB, Show that 
QC must lie in M, and hence that Q itself must 
lie in M. 



EXERCISES 


Group Four 


1. Equilateral AABC lies in a plane M. HO J_ M at 0, 
the centroid of AABC. Point P is chosen so that PA = 
AB. Draw PB and PC. Prove: PA — PB = PC — AB. 



Fig. 43 


2. In the preceding figure show that the plane cf points P, D, C is perpendicular to AB. 

3. In the preceding figure if AB 4 in., find the lengths of DO, OC, PO. Find the 
areas of triangles PDC and P-40. 
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4. A AABC lies in a plane M. Planes R, S, T are respectively the perpendicular bi- 
sectors of the sides AB, BC, CA of the triangle. Prove that the planes R, S, T all meet 
in one common line; show that this common line is the perpendicular to M erected at 
the circumcenter of AABC. 


5. Point D is above the plane M of AABC. P and O 
are respectively the centroids of triangles DAB and 
ABC. Show that lines CP and DO are coplanar and 
hence meet at some point H. 


D 



Fio. 44 


6. In the preceding figure draw PO and prove: PO == -l-DC, PH = iPC, OH — ^OD. 
(Use similar triangles.) 

7. In a figure like that of Ex. 5 assume that AB ~ BC = CA ~ DA ~ DB ~ DC, 
Assume that P and O are the centroids of triangles DAB and ABC. Prove: DO JL M, 
and DO = CP. 

8. In Ex. 7 prove that plane of points D, O, C bisects line AB perpendicularly. 

9. In Exs. 7 and 8 prove that H, the intersection of CP and DO, is equidistant from the 
points A, B, C, D. 

Note: The solid bounded by the equilateral triangles ABC, DAB, DEC, DC A of 
the figure of Exs. 7-9 is called a regular tetrahedro7i. A more systematic study of the 
regular tetrahedron will come later in the book. When that point in the book is* reached 
it will be advisable for you to return to this group of exercises. 


D 



Fig. 45 
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10. Lines x, y, w are any three lines 
lying in a plane M and meeting one 
another at a common point P. A fourth 
line h is drawn so that the angles which 
it makes with x, y, w are equal. Prove: 
h I.M. 



Fig. 46 



Chapter Three 


LINES PERPENDICULAR TO PLANES. LINES 
AND PLANES PARALLEL 


31. Parallel Lines. Two straight lines are parallel if they lie in the same plane 
and do not meet however far they may be extended. 

32. Skew Lines. Two straight lines are skew if they do not lie in the same 
plane and if they do not meet however far they may be extended. 

33. Line and Plane Parallel. Parallel Planes. A line is parallel to a plane, 
or a plane is parallel to another plane, if the two do not meet however far they 
may be extended. 

34. Theorem 8. 


Two lines perpendicular to the same plane are parallel. 


Given: Lines z and y perpendicular to plane 
M at A and B, respectively. 

Prove: x \\ y. 

From § 31 we must show: 

(a) X and y are coplanar; 

(b) X and y cannot meet. 

After (a) is proved, (b) will follow if we can 
prove that x and y are perpendicular to the 
same line (Ref. 34). 



y 



1 ) 


2 ) 

3) 

4) 

5 ) 

6 ) 


(a) 

In Fig. 47 draw AB, Through B in M draw 
w perpendicular to AB. Let C be any point ^ 
on X, Draw CB (Fig. 48). 

CB ± w. 
y ± w. 

AB A, w. 

ABj CB, y lie in some plane 
S, (See §20.) 

X and y are coplanar. 

(b) 

Proof of (b) left to student. 




Fig, 48 
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35. Corollary A (Th. 8). 

If a plane is perpendicular to one of two parallel lines, it is perpen- 
dicular to the other, also. 

Given: x \\ y] x A- M . 

Prove: y J_ M. 

At B draw y' perpendicular to M. Show that y' 
coincides with y. (See § 34 and Post. 4.) 

Fig. 49 

36. Corollary B (Th. 8). 

Two lines parallel to the same line are parallel to each other. 


Give?!: x \\ h; y \\ h. 

Prove: x 1| y. 

1) Through any point A on h draw a plane M 
perpendicular to h. 

2) .*. X ± M and y ± M (§ 35). 

3) /. a: II y (§34). 


Fig. oO 

37. Theorem 9. 

Two planes, perpendicular to the same line are parallel. 

Given: M and N perpendicular to 
7i at A and B, respectively. 

Prove: M \\ N. 

1) Suppose M meets N, and that their 
intersection is a line w. Let C be 
any point on w. 

2) Then through C there would be two 
planes M and N perpendicular to h. 

3) But this contradicts § 19. 

4) the assumption of Step 1 is false, 
and hence M cannot meet N. 

5) MWN (§ 33). 





Fig. 51 
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38. Theorem 10. 

If two parallel planes are cut by a third plane, the two lines of inter- 
section are parallel lines. 


In the figure show that x and y are eoplanar 
and that they can never meet. 

Fig. 52 

39. Theorem 11. 

If a line is perpendicular to one of two parallel planes, it is perpen- 
dicular to the other, also. 


Given: Tf|| N; h 1. M. 

Prove: h N, -uo 

Through h draw any two planes, R and S. 

R cuts M in X and N iny] S cuts M inw and 
N in t. 

Show that A JL TV by § 10. 

Fio. 53 

40. Corollary A (Th. 11). 

Two planes parallel to the same plane are parallel to each other. 

Use §§ 39 and 37. 

41. Corollary B (Th. 11). 

The perpendicular distance between two given parallel planes is 
everywhere the same. 

Use §§ 38 and 39. 

42. Distance between Two Parallel Planes. The distance between two given 
parallel planes is the perpendicular distance, that is, the length of the common 
perpendicular (line) which is included between the planes. 
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43. Theorem 12. 

Three or more parallel planes have proportional intercepts on any two 
line transversals. 


Given: il;f || iV || >S; x and y 
are any two transversals. 


Prove: 


AB 

BC 


BE 

EF' 


1) Draw AF. 

2) X and AF determine a plane R ; 
AF and y determine a vsecond 
plane T in general, since x and 
y are not necessarily coplanar, 

3) Now apply Ref. 40 to the line- 
segments in R, and again to 
those in T. 

The segments on A F will serve 
as a connecting link in obtaining 
the desired proportion between 
the segments on x and those on y. 



44. Theorem 13. 


If an external line is parallel to a given line in a given plane, then the 
external line is parallel to the given plane. 


Given: y lies in M; x\\y. 

Prove: x || M. 

1) If a: were to meet M at some point P, 
then P would have to be a point on line 
y, since x and y are coplanar. 

2) But X cannot meet y. 

3) X cannot meet M, and hence must be ^ 
parallel to M. 

45. Construction 10. 

Through a given external point P construct a line which shall be 
parallel to a given plane M. 

In M draw any line w. 

In S, the plane of P and w, draw a line x through P and parallel to w. 
Line x is the required line (§ 44). 
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46. Theorem 14. 

If two intersecting lines are each parallel to a given plane, then the 


plane of those lines is parallel to 


. Given: x and y intersecting at P. 
S the plane of x and y. a* 1| M; 

V II M. 

Prove: S || M. 

1) Frona P draw h _L M, cutting M 
at A. 

2) Draw the plane of x and hj 
cutting M in z; draw the plane 
of y and h, cutting M in w. 

3) Prove S || M by § 37. 


the given plane. 



47. Corollary A (Th. 14). 

Through a given external point there is one and only one plane which 
is parallel to a given plane. 

From § 46 there is at least one such plane. 

Assume that through the given point there is a second plane parallel to the 
given plane. From the given point draw a line perpendicular to the given 
plane. Obtain a contradiction to § 19. 

48. Corollary B (Th. 14). 

If a line is parallel to a plane, there is one and only one plane which 
contains this line and is parallel to the given plane. 

(Proof left as an exercise.) 

49. Construction 11. 

Through a given external point P construct a plane which shall be 
parallel to a given plane M. 


Use either § 46 or § 37. 
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50. Theorem 15. 

If two angles not in the same plane have their sides parallel and ex- 
tending in the same direction vdth reference to the line joining their 
vertices, the angles are equal and their planes are parallel. 

Given: Z A in plane S; Z 5 in 
plane M) x\\y] ^ |1 w. 

Prove: (a) ZA = ZB; 

(b) S II AI. 

(a) 

1) Draw AB. On x and y, re- 
spectively, take AC = BD. 

On 5; and respectively, take 
AE = BF. Draw CD, EF, 

DF, CE. 

2) Show that ABFE and ABDC 
are parallelograms. Thus ob- 
tain: EF 11 AB, CD 11 AB. 

Also obtain: EF — AB, CD = 

AB. 

3) Now show that CDFE is a parallelogram. 

4) Prove ACAE ^ ADBF, and obtain ZA — ZB. 

(b) 

5) ilf II a:; ilf || 2: (§ 44). Or, what is the same thing, x and z are each parallel 
to M. 

C) S, the plane of x and 2 :, is parallel to M (§ 46). 



EXERCISES 

Group Five 

1. In the following tell which statements are true and which are false: 

(1) Two lines parallel to the same plane are parallel to each other. 

(2) Two planes parallel to the same plane are parallel to each other. 

(3) Two planes parallel to the same line are parallel to each other. 

(4) If two planes are parallel, a line perpendicular to one plane is perpendicular to the 
other. 

(5) If a line and a plane are parallel, a line perpendicular to the one is perpendicular to 
the other. 

(6) If a line is parallel to a plane, it is parallel to every line in that plane. 

(7) Two lines perpendicular to the same line are parallel. 

(8) If a line x and a plane M are parallel to a line ?/, then x is parallel to M. ^ 

(9) If a line is perpendicular to a plane, it makes equal angles mth any two lines in that 
plane which pass through its foot. 
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(10) If a line intersects a plane so as to make equal angles with two lines in that plane 
which pass through its foot, the line is perpendicular to the [)la,ne. 

(11) Through a given external point there is one and only one plane i)arallel to a given 
plane. 

(12) Through a given external point there is one and only one line parallel to a given 
plane. 

(13) If one of two intersecting lines is parallel to a given plane, the other line is also 
parallel to the given plane. 

(14) If a line intersects one of two parallel planes, it intersects the otlier, also. 

(15) If a line intersects one of two parallel lines, it intersects the other, also. 

(16) If a plane intersects one of two parallel lines, it intersects the other, also. 

2. If a given line is parallel to a given plane, and if a second phinc ciontaining tins line 
intersects the given plane, then the given line is parallel to the intersection of tlie two 
planes. Prove. 

3. If three lines all meet in one point and are cut by a fourth line, then all four lines are 
coplanar. Prove, 

4. If a plane contains one of two parallel lines but not the other, show that the })lane 
must be parallel to the other line. 

5. Prove that if three or more parallel planes have equal intercepts on one line trans- 
versal, then they must have equal intercepts on any other line transversal. 

6 . Prove that if a line and a plane are each perpendicular to the same line, tlien tlie 
given line and the given plane are parallel. 

7. Two lines .c and y intersect each other at a point P and determine n i)la,ne M. Tlirough 
P and not in M show how to construct a line w which shall make equal angles with x 
and y. 

8. Three non-coplanar lines x, y, z are parallel to one another, x and y determine a 
plane M. Prove: M || z. 


9. A line x is parallel to a plane M. Planes S 
and T, each containing cut M in y and z, 
respectively. Prove: y \\ z. 


Fig. 58 

10 . Two planes M and N intersect in a line x, A plane S, parallel to x, cuts ilf in a line 
y and iV in a line z. Prove: 2/ II ^ II 

11 . Two lines x and y are parallel. A plane containing x but not y intersects a plane N 
containing y but not x. M intersects iV in a line w. Prove: w || x and w || y. 

12. Three parallel planes Af, N, S are cut by two lines h and t. The intercepts on h are 
5 in. and 8 in., respectively; the corresponding intercepts on t are 7 in. and x in., respec- 
tively. Find X. 
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13. Four points A, B, C, D are non-collinear and do not all 
lie in one plane. Points F, G, H are respectively the mid- 
points of AB, BC, CD, DA, Prove that E, F, G, H are 
coplanar (Ref. 28). 


14. In Ex. 13 show that EG and FH bisect each other. 

15. A line AB is perpendicular to a plane M at B. AB = 5 in. In M what is the locus 
of points which are 7 in. from A? Make a definite statement. 

16. Complete the following statement: “The locus of points which are equidistant from 
two given parallel planes is . . Prove. 

17. What is the locus of points which are equidistant from two given parallel lines? 
Prove your answer. 

18. What is the locus of points which are 3 in. from a given plane? 

19. A and B are two points above a plane M. What is the locus of points which are at 
the same time equidistant from A and B and d in. from M? Answer without proof. 
Is the locus always possible? State any exceptional cases. 

20. X and y are two parallel lines. A and B are two points not on x or y and not in the 
plane of x and y. What is the locus of points which are at the same time equidistant from 
X and y and equidistant from A and B? Answer without proof. 

21. Points A and B are 21 in. apart. Describe definitely the locus of points which are 
at the same time 10 in. from A and 17 in. from B, Answrer without proof. 

mD 


22. Point D is not in the plane of A, B, C. Show how to ^ 
locate a point w^hich shall be equidistant from A, B, C, D. 

How many such points are there? 

C 

Fig. 60 

A 


23. AO ± M at 0. X is a line through B; x 
and B lie in M. From A a line y is drawn _L x. 
AO = 8 in., y = 10 in. Given the plane M 
and point B and the line AO, show how” to 
reproduce the lines x and y. 




Fig. 61 
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24. j^ABC lies in a plane M, Point T' is 
above M. A plane Sj parallel to M, cuts VA^ 
Fj5, VC at points D, E, F, respectively. 
Prove: AVDE ^ AVAB, ADEF ^ AABC. 


V 



25. In the preceding figure let AB = 7 in., BC = 24 in., AC = 25 in., VD ~ 5 iti., 
DA = 10 in. Find the area of ADEF. 

26. In Ex. 25 find the area of the circle which can be circumscribed about ADEF. 


27. In Fig. 62 draw VO perpendicular to M, cutting M at O and S at P, Prove: 

VO _yc ^ ^ 

VP VF EF' 


28. In Fig. 62 let H be the circumcenter of AABC. Draw VH, cutting S at a point /. 
Prove that J is the circumcenter of aDEF. 

29. In Fig. 62 let K be the centroid of AABC. Draw T"A', cutting S at a i)oint Q. Prove 
that Q is the centroid of ADEF. 


30. In Fig, 62 draw a plane T containing VC and cutting M in a line tc and 8 in a line/. 
If w bisects ZACBj prove that /bisects ZDFE. 


31. In Ex. 30 let AB — 12 in., BC = 10 in., AC = 8 in., VD = DA. Fin<l the lengths 
of the segments into which / divides DE. (See Ref. 25.) 


32. A is a filxed point above two parallel 
planes M and N. O is a fixed point in M. 
AO cuts A at a point B. Q is a moving 
point in M and traces a circle about O as 
a center. Draw AQ, cutting E at P. 
Prove that in N the point P traces a circle 
about R as a center. 



Fig. 63 
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51. Construction 12. 

Construct a plane which shall contain one of two given skew' lines and 
be parallel to the other. 


X is skew' to y. 

On X choose any point P. 

Through P draw' line iv parallel to y (§ 16) . 

Now' use § 44. 

P 


Fig. 64 

52. Theorem 16. 

Through one of two skew' lines there is one and only one plane w'hich 
is parallel to the other line. 



Given: x skew' to y. 

Prove: Through x there is 

(a) one plane parallel to y) 

(b) not more than one plane parallel to y. 

(a) 

1) From § 51 there is at least one plane M w'hich contains x and is parallel to ; 

(b) 

2) Assume that there is a second plane N, containing x and parallel to y. 

3) Draw any plane T containing y and cutting M in w and N in /. 
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4) w\\y and / II y. Why? 

5) Show that the assumption of N and M both parallel to y leads to a contra- 
diction of Post. 4, and hence that M is the only plane containing x and 
parallel to y. 

53. Construction 13. 


Through a given external point construct a plane wliich sliall l)e paral- 
lel to two given skew lines. 


X is skew to y. 

P is an external point. 

Through P construct z and w parallel to .r 
and y, respectively. 

Use § 44. 






z 


54. Theorem 17. 


Fk;. (>() 


Through a given external point there is one and only one ])lane which 
is parallel to two given skew lines. 


The method of proof is similar to that used in § 52. 





Chapter Four 


DIHEDRAL ANGLES. PERPENDICULAR 
PLANES. PROJECTIONS 


55. Dihedral Angle. A dihedral angle (dh Z ) is a figure formed by two planes 
meeting in a common line. 


The planes themselves are the faces 
The common line is the edge. 

Fig. 67 

56. Reference to a given dihedral angle is made by indicating the faces and the 
edge; or, when there is no ambiguity, a dihedral angle may be named by its 
edge only. In Fig. 67 the dihedral angle may be named as follows: 

dhAM-x-N] dhZAR; dhZx. 

57. Fig. 68 represents a 
dh Z M-x~N. In M draw two 
lines AR and DR each perpen- 
dicular to the edge x. In A" 
draw CB and FE each perpen- 
dicular to X. By § 50; Z ABC ~ 

Z DEF = any other angle sim- 
ilarly constructed. Hence; for 
a given dihedral angle all the 
angles such as A ABC are con- 
stant in size. 

58. Plane Angle of a Dihedral Angle. The plane angle of a dihedral angle is 
an angle whose vertex is on the edge of the dihedral angle and whose sides are 
perpendicular to the edge and lie one in each face of the dihedral angle. (See 
A ABC, for example, in Fig. 68.) 
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59. Equal Dihedral Angles. Two dihedral angles are equal ii they can be 
made to coincide with each other. (If a plane containing the edge of a ghT^n 
dihedral angle divides the dihedral angle into two equal dihedral angles, this 
plane is said to bisect the given dihedral angle.) 

60. Example: Prove that if two dihedral angles are equal, then tlieir jdane angles are 
equal. Conversely, show that if the plane angles of two dihedral angles are equal, then 
the dihedral angles are equal, (Both statements nniy l;>e proved l)y the nietliod of 
superposition.) 

61. Measure of a Dihedral Angle. The measurement of a dihedral angle is 
the same as the measurement of its plane angle. 

(Thus, '"dh Zx = 32°'’ means that the plane angle of dh Zx is 32°. Sim- 
ilarly, a right dihedral angle is one whose plane angle is a right angle; an 
acute dihedral angle is one whose plane angle is acute; an obtuse dihedral angle 
is one whose plane angle is obtuse.) 

62. Perpendicular Planes. Two planes are perpendicular to each other if 
they meet so as to form a right dihedral angle. 

63. Theorem 18. 


If a line is perpendicular to a plane, then any plane containing that 
line is perpendicular to the given plane. 


Given: x ± M at A ; ^ any plane containing 
X and cutting M in line y. 

Prove: S 1. M. 

1) In M draw w ± ?/ at A. 

2) Show that dh Z S~y~M is a rt dh Z because M/ 

its plane Z is a rt Z . 


Fig. 69 


64. Construction 14. 

Through a given point which is either in a plane or outside the given 
plane construct a plane which shall be perpendicular to the givem plane. 


65. Theorem 19. 

If two planes are perpendicular to each other, a line in one of these 
planes perpendicular to the line of intersection is perpendicular to the 
other plane. 
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Given: M JL iV', meeting N in line / ; BC in M ; 

BC ±f^t a. M 

Prove: BC J_ N. 

1) In iV draw CD ± /. 

2) How is Z BCD related to dh Z M-f-N^ 

3) Show that BC is perpendicular to / and 
Then why will BC be perpendicular to 


66. Corollary A (Th. 19). 

If two planes are perpendicular to each 
to one of these planes at a point on their 
other plane. 


CD, --D. 

N/ 

Fig. 70 


other, a line perpendicular 
intersection must lie in the 


Given: M _L N, meeting N in w] A any point on 
w] y N A. 

Prove: y lies in M. 

At A and in M draw x 1. w. Show that y must 
coincide with x (§ 65). 



67, Corollary B (Th. 19). 

If two planes ate perpendicular to each other, and if a line is drawn 
from any point in one of these planes perpendicular to the other plane, 
this line must lie in the first plane. 


Given: M N, meeting TV in w;; P any point in M; 
PA ± N Sit A. 

Prove: PA lies in M. 

Use the method of § 66 above. 



Fig. 72 
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68. Theorem 20. 

If two intersecting planes are each perpendicular to a third plane, their 
line of intersection is perpendicular to the third plane. 


Given: M and N intersecting at x] 
M ±8] N ±8, 

Prove: x Jl 8. 

1) From P draw a line h A_ 8, 

2) P must lie both in M and N, since x is 
the intersection of M and N. 

3) h must lie in M (§ 67). 

4) Similarly, h lies in N. 

5) Since h lies in M and N, h must be the 
intersection of M and N. 



Fig. 73 


6) h coincides with x, and hence x must be perpendicular to 8. 


69. Theorem 21. 


Through a given external line not perpendicular to a given plane there 
is one and only one plane perpendicular to the given plane. 


Given: x outside M ; x not perpendicular 
to M. 

Prove: There is 

(a) one plane 8 containing x and perpendicular 
to M) 

(b) not more than one such plane. 

(a) Fig. 74 
From any point P in a: draw PA JL M. Now apply § 63. 

(b) 

Assume that there is a second plane T containing x and perpendicular to M. 
Then there would be two intersecting planes 8 and T each perpendicular to M. 
Therefore, by § 68, x would have to be perpendicular to M. But x is given 
not perpendicular to M. Hence, T cannot be perpendicular to M. 

rP 

[ 

70. Projection of a Point. If a point P does not lie in a 
plane M, and if from P a line is drawn perpendicular to M, 
meeting M at a point 0, then point 0 is the 'projection of P 
upon M. 




Fig. 75 
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71. Projection of a Line. The projection 
of any line or curve upon a given plane is 
the locus of the projections of the points 
of the given line upon the given plane. 



Fig. 76 


72. Theorem 22. 


If a line x not perpendicular to a given plane M and not contained in M 
is projected upon M, its projection upon M is a straight line y. This 
line y is the intersection of M and the plane S which contains x and is 
perpendicular to M, 


Given: Line x outside a plane M] S the 
plane containing x and perpendicular to ilf : 
S meets M in a line y. 

Prove: y is the projection of .t upon M. 

(a) 

Show that the projection of any point of 
X upon M must lie on the line y. 

1) Let Q be the projection of any point P of 
line X upon plane M. 

2) Show that PQ lies in S (§ 67). 

3) Q must lie on y. 



(b) 

Show that any point on y is the projection of some point of x upon ilf. 

4) Let B be any point on y. 

5) At B draw a line h ± M. 

6) h must lie in S (§ 66). 

7) h cuts X in some point A. 

8) B is the projection of A (a point of x) upon M, 

From (a) and (b), line y must be the locus of the projections of all points 
of a: upon ilf. Therefore, the line y is the projection of the line x upon the 
plane ilf (§ 71). 
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73. Theorem 23. 


The acute angle which a straight line makes with its projection upon 
a given plane is smaller than the acute angle which the given line 
makes with any other line in the given plane. 

Given: Line x and plane M ; x, extended 
if necessary, cuts M at A ; p is the projection 
of X upon M; w is any other line through 
A in if. 

Prove: The acute angle bet’ween x and p 
is less than the acute angle between x and w. 

1) Choose any point B on x. 

2) From B draw BD ± M, meeting 3/ at D. 

Why does D lie on p? 

3) From B draw BC ± w, meeting iv at C. 

4) BD < BC (§24). 

5) A sin A BAD < sin ABAC. 

6) , since A BAD and BAC are each acute, A BAD < ABAC. 

74. Inclination. The acute angle which a given line makes with its projec- 
tion upon a given plane is called the angle which the given line makes with the 
given plane. This angle is also called the inclination of the given line to the 
given plane. 

EXERCISES 



Group Six 


1. Prove § 73 by the following method: On 
X choose any point B. Draw BD JL M, 
meeting M at D. On w take AE = AD. 
Apply Ref. 18 to triangles BAD and BAE. 



B 


2. AB is any line-segment above a plane M. AB is not 
perpendicular to M. From A and B draw AC and BD, re- 
spectively, perpendicular to M. Draw CD. Show that CD 
is the projection of AB upon M. 



Fig. so 
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3. A line and its projection upon a given plane determine a plane which is perpendicular 
to the given plane. Prove. 

4. A line x is outside a plane M. If x and M are each perpendicular to a second plane 

5. prove that x is parallel to M, 

5. If parallel lines intersect a plane they are equally inclined to the plane. Prove. 

6. Parallel lines which are not perpendicular to a given plane and which are not in a plane 
perpendicular to the given plane have parallel projections upon the given plane. Prove. 

7. If two parallel line-segments which are not perpendicular to a given plane and which 
do not lie in a plane perpendicular to the given plane are equal, then their projections 
upon the given plane are equal. Prove. 

8. Three lines x, y, z are concurrent at a point A. Each line is perpendicular to each of 
the other two. What can be said regarding each line and the plane of the other two? 

9. In Ex. 8, if M is the plane of x and y, N the plane of x and z, S the plane of y and s, 
what can be said regarding the planes M, iV, 

10- A point P and a line x each lie outside a plane M. Show how to construct a plane 
which shall contain P, which shall be parallel to x, and which shall be perpendicular to M. 

11. Prove that the legs of an isosceles triangle are equally inclined to a plane containing 
the base of the triangle. 

12. If a line x, not perpendicular to a plane M, meets M at A, prove that through JL and 
in M there is one and only one line perpendicular to x. 

13. If a line x is parallel to a plane Af , prove that any plane >8 which is perpendicular to 
X is also perpendicular to M. 

14. If a plane S is perpendicular to both faces of a dh Z M-x-N, prove S ± x, 

15. A plane wdrich is perpendicular to the edge of a given dihedral angle is perpendicular 
to both faces. Prove. 

16. Show how to construct the plane which bisects a given dihedral angle. Prove that 
your construction is correct. 

17. Three planes M, iV, S meet in a common line x. At any point P on a; lines h, f, t are 
drawn perpendicular to Af , iV, 8, respectively. Prove that h, /, t are coplanar. 

18. P is any point not in either face of a dh Z M~x—N. Sho^v how to construct a plane 
S which shall be perpendicular to M and N\ and which shall contain P . 

19. In Ex. 18 show how to construct through P a line which shall be parallel to M and 
N. Prove your construction. 

20. Acute angle ABC lies in a plane M. BA = BC. Planes S and T bisect perpen- 
dicularly the lines BA and BC, respectively. Prove that S and T intersect each other 
in a line h which is perpendicular to Af at a point on the bisector of Z ABC in M . 
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21. A parallelogram ABCD, not neces- 
sarily parallel to a plane M, lies above 
M as shown. From the four vertices 
and from E, the intersection of the 
diagonals of ABCD, lines y, s, w, k 
are drawn perpendicular to M. Prove: 
A = + 2/ 4- 3 + w). 


D 



22. Any plane M is drawn to contain 
diagonal DB of a parallelogram ABCD. 
M is not perpendicular to the plane of 
ABCD, From A and C, AE and CF, 
respectively, are drawn perpendicular to 
M, meeting M at F' and F, Prove: 
AE = CF. 



23. Two planes M and N intersect 
each other in a line EF. In M, 
BA JL EF] in A, DC ± EF. AB == 
DC. H and J are the mid-points of 
BD and AC, respectively. Prove that 
HJ is perpendicular to BD and AC. 



Fig. 83 


24. P is a point outside dh Z M-x-N. PA JL M, 
PC ± N. is the plane of PA and PC; S cuts 
X at B. Draw PB and prove: PB JL x. 



Fig. 84 
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75. Construction 15. 

Construct the plane which bisects a given dihedral angle. 

(See Ex. 16, Group Six.) 

76. Theorem 24. 

The locus of points equidistant from the faces of a given dihedral 
angle is the plane which bisects the given dihedral angle. 

In Figs. 85 and 86, S bisects dh ZM-x-N. 


(a) Let P be any point in S, 

Prove P equidistant from M and N. 
(Draw PA ± M, PB ± N.) 



(b) Let Q be any point equi- 
distant from ilf and N. 

Prove that Q must lie in S. 

(Draw QC _L M, QD ± N. 
Let plane of QC and QD cut S 
in line EQ' . Show that EQ must 
coincide with EQ'.) 


Fig. 86 
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77. Construction 16. 

Construct a common perpendicular to two given skew lines. 


X B 



X is given skew to y. 

1) Through y construct the plane M wdiich is parallel to x (§ 51). 

2) Draw plane S containing x and perpendicular to M (§ 64). 

3) Let 8 cut M in. z; let S cut ?/ at A. Why is x parallel to 

4) In plane S and at A draw h _L 2 ;. 

5) Line h is the required perpendicular. 

In order to prove the construction see §§ 65, 9; and Ref. 35. 

78. Theorem 25. 

If two lines are skew to each other there is one and only one line which 
is perpendicular to both skew lines; and this peri)endieular is the 
shortest distance between the two given lines. 


X C B 



Fig. 88 
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Given: x skew to y. 

Prove: There is 

(a) one common perpendicular to x and y\ 

(b) not more than one such line. 

(c) The common perpendicular is the shortest distance between x and y. 

(a) 

1) From § 77 there is at least one line h which is perpendicular to x and y. 

(b) 

2) Assume that there is a second line CD also perpendicular to x and y, 

3) As in § 77, let M contain y and be parallel to x; let S contain x and be 
perpendicular to M, cutting M in line 2 :. 

4) In M and through D draw w \\ z. . 

5) Since CD ± x by assumption, then CD JL w, also (Ref. 35) . 

6) CD ± yhj assumption. 

7) /. CD ± M. 

8) In S draw CE ± z. 

9) CE ± M. 

10) Thus from C we appear to have two lines, and CE, both perpendicular 
to Mj — which contradicts § 23. 

11) the assumption made in step 2 must be false. 

12) h is the only common perpendicular to the skew lines x and y. 

Cc) 

Draw BD, for example, and show that /? is less than BD, In similar fashion 
h can be shown to be less than any other line drawn from x to y. 

79. Angle between Two Skew 
Lines. Let x and y be two skew 
lines. Through y draw the plane 
M which is parallel to x. Let p 
be the projection of x upon M, 
cutting y at some point A . The 
angle which p makes with y at 
point A is often called the angle 
between the skew lines x and y. 

Thus, if p intersects y at an 
angle of 30®, we say that the 
angle between the skew lines x and y is 30®. If the angle at A is we may 

say that the skew lines x and y are “ perpendicular^' to each other. 


X 
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EXERCISES 

Group Seven 

1. A and B are any two points outside a dh AM-x-N. In general, what is the locus 
of points which are at the same time equidistant from M and N and equidistant from 
A and B? Is the locus always possible? 

2. Plane S bisects dh ZM-x-N. AABC lies in S. Through points A, B, C lines are 
drawn perpendicular to S. These lines cut M (xt D, E, F, respectively; they cut N at 
X, Y, Z, respectively. Prove: ADEF ^ AXYZ. 



3. Angle ABC lies in a plane M. Plane N is perpendicular to M, meeting M in BD. BD 
bisects ZABC. Prove that N is the locus of points which are ecpiiclistant from BA 
and BC, 



Fig. 91 
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4. Point A lies in a plane M. BC _L AT at C, S JL AB at D. S cuts M in x and AC 
at E. Prove: x ± AC. 



Fig. 92 

5. A line AB is perpendicular to a plane M at B. A line CD is perpendicular to M at D. 
AB — 32 in., BD = 32 in., CD = 8 in. In M show that the locus of points equidistant 
from A and C is a line / which is perpendicular to BD at some point P. Find the exact 
location of P on BD. . 


6. AB JL Af at B. CD X M at D. Prove that the 
locus of points which are at the same time equidistant 
from A and B and equidistant from AB and CD is a 
line parallel to M, skew to BD in general, and perpendicu 
lar to BD. (See § 79.) 


Fig. 93 



7. Three lines x, y, z are concurrent at a point P. Show how to construct a line h which 
passes through P and makes equal acute angles with .r, y, z. (Assume that y, z are 
not coplanar.) 


8. Three planes M, N, S intersect one another in the lines x, y, z. Prove that x, y, z are 
parallel to one another, or else that x, y, z must be concurrent. 


9. A and B are any two points 
above a plane M. Show how to 
locate in M a point P such that 
the sum {AP + PB) shall be as 
small as possible. 



Fig. 94 
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10. Two planes M and N intersect 
each other in a line x. AABC lies 
in ikf; AB || x. ADEF is the pro- 
jection of AABC upon plane N. Let 
dh /.M-x-N = 6; let ^ be the area 
of AABC; let p be the area of ADEF. 
Prove: p = k cos 0, 



11. Let M-x~N be a dihedral angle as in Ex. 10. Let k ])e the area of any |)olygon 
which lies in M; let p be the area of the projection of the polygon upon plane N. Use 
the result of Ex. 10 to prove: p = k cos d. (Show that the ixhygon in M can be sepa- 
rated into a number of triangles with one side of each parallel to line x.) 


80. Let k be the area of any figure whatsoever which may lie in plane M. M 
intersects N in x, making dh Z M-x-N = d. Let p be the area of the projection 
of the given figure upon N. It can be proved that 

p = A* cos 6. 

(The proof of this general case will not be discussed in tliis book. The 
truth of § 80 will be assumed.) 



Fig. 96 


PRISMS 


81. Solid. A solid is often called a finite portion of space, meaning that it is 
a portion of space having definite boundaries. These boundaries are surfaces, 
or perhaps a single surface, as in the case of a sphere. When a solid is bounded 
by several surfaces these surfaces are called the faces of the solid; the lines of 
intersection of the faces are the edges; the points of intersection of the edges are 
the vertices. The area of a solid is the siun of the areas of its faces. The volume 
is the anaount of space enclosed by the bounding surfaces. 

Just as a surface may be generated by a line moving through space (§ 1), 
so a solid may be generated by the motion of a surface through space. 

82. Plane Section of a Solid. If a plane M intersects a solid, the figure 
determined upon M by the solid is called a plane section of the given solid. 


83. Prismatic Surface. Let p be any plane polygon. 
Let X be a straight line touching p but not coplanar with p. 
Let X move so that it is always in contact with p and so 
that it remains parallel to its original position. The 
surface traced by x is called a prismatic surface ( Figs. 
97, 98). 



Line x is the generatrix of the surface; p is the 
directrix. An element of the primastic surface is the 
line X in any one of its innumerable positions. Clearly, 
a prismatic surface consists of three or more plane sur- 
faces which may be called the/aces. The intersections 
of these faces are the edges. 
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84. Prism. If two parallel planes M 
and N cut all the edges of a prismatic 
surface, the solid bounded by M, N 
and the prismatic surface is called a 
prism. 



E 



Fra. 100 


85. Figure 100 shows a prism ABCDE-A' B' C' D' E' . 

The following facts regarding this prism are 

easily proved. 

A. The plane figures ABB' A', BCC'B' , etc., are 
parallelograms. 

B. The line-segments A'A^ B'B, C'C, etc., are all 
equal. 

C. The figures ABODE and A'B'C'D'E' are con- 
gruent. 

A prism may, therefore, be described as a solid 
whose bounding surfaces are: 

(a) two congruent polygons in parallel planes with 
corresponding edges parallel; and 

(b) three or more parallelograms, 

86. Parts of a Prism. (Cf. Fig. 100.) 

The lateral edges are the line-segments AA\ BB'j CC', etc. 

The lateral faces are the parallelograms ABB'A\ BCC'B', CDD'C', 
The bases are the polygons ABODE and A'B'O'D'E' . 

The basal edges are AB, BC, CD, .. . A'B', B'C', C'D', etc. 
Corresponding vertices are A and A', B and B' , O and O' , etc. 
Corresponding basal edges are AB and A'B', BO 
and B'C', CD and C'D'. 

The altitude of a prism is the perpendicular 
distance between the bases. 

87. Truncated Prism, If a plane not parallel to 
the bases of a prism and not intersecting the bases 
cuts all the lateral edges, it divides the given prism 
into two solids, either of which is called a truncated 
prism {ABC-RST or RST~DEF in Fig. 101). 


D' 


C' 


etc. 



E 


Fig. 101 
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88. Right Section of a Prism. If a plane cuts all the 
lateral edges of a prism perpendicularly, the plane sec- 
tion thus formed is called a right section of the prism 
(AGHK in Fig. 102). 


89. General Classification of Prisms. 



A prism is 


^ triangular 
J quadrangular 
1 pentagonal 
[ hexagonal 


1 


if its bases are 


{ triangles 
quadrilaterals [ 
pentagons 
hexagons 


’ 


etc. 


J 


A right prism is one whose lateral edges are perpendicular to the planes of 
the bases. 

An oblique pris7n is one which is not a right prism. 

A regular pris7n is a right prism whose bases are regular polygons. 

90. Parallelepiped. A parallelepiped is a prism whose bases are parallelo- 
grams. 


Figure 103 shows a parallelepiped ABCD- 
EFGH. Lines AG, EC, HB, DF are the diago- 
nals. Planes A CGE, HEBC, etc., are the diagonal 
planes. 


E H 



Fig. 103 


rectangular parallelepiped \ 
rectangular solid j 

regular parallelepiped 
regular rectangular solid 
cube 


is a right parallelepiped with rectangular 
J bases. 

is a rectangular solid all of wLose edges are 
equal. 


91. Theorem 26. 


Sections of a prism made by two parallel planes cutting all the lateral 
edges of the prism are congruent; and these parallel sections them- 
selves determine a prism. 


(Proof left to student.) 
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92. Theorem 27. 

The opposite faces of a parallelepiped are congruent and their planes 
are parallel. 


(For example show that ABFE ^DCGH, 
and that their planes are parallel.) 


E H 



93. Theorem 28. 


The diagonals of any parallelepiped are concurrent and ])isect one an- 
other. 


1) Draw two diagonals EC, AG. 

2) ACGE is a parallelogram. 

3) EC, AG are coplanar and bisect 
each other at a point P. In other 
words, AG cuts EC at P, the mid-point 
of EC. 

4) Draw a third diagonal HB. 

5) Show that HB and EC are coplanar 
(plane HEBC), and hence intersect 
and also bisect each other. 

6) Thus far we have; AG and HB each passing through a common point P 
on EC. 

7) Complete the proof by considering diagonal DF. 
four diagonals passing through the same point P. 

Note: The point P above is called the center of the parallelepiped. 



Dk— + 


Fig. 105 


We shall then have all 


EXERCISES 
Group Eight 

Note: If it is desirable, Exercises 1~8 may be treated as theorems. 

1. Sections of a prism which are parallel to the bases are congruent to tlie bases. 

2. All right sections of a given prism are congruent. 

3. In a right prism the altitude equals any lateral edge. 

4. The lateral faces of a regular prism are congruent rectangles. 
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5. In any prism a plane section determined by any two non-adjacent lateral edges is a 

parallelogram. 

6. A section of a parallelepiped determined by any diagonal plane is a parallelogram. 

7 . The diagonals of a rectangular solid are equal. 

8. In a rectangular solid a diagonal plane is perpendicular to two opposite faces. 

9. If any two o]:>posite faces of a parallelepiped are designated as bases^ will the solid still 
conform to the definition of a parallelepiped in every respect? 


10. If one edge of a cube is x, show that the length of a diagonal 
is x^S. 


11. A diagonal of a cube is 24 in. Find the length of one edge. 

12. The sum of the areas of the faces of a cube is 36 sq. in. Find the length of a diagonal 
of one face of the cube. Find the length of one diagonal of the cube itself. 

13. Find to the nearest tenth of a degree, or to the nearest minute, the number of d^ 
grees in the acute angle at which any two diagonals of a cube intersect each other. (This 
is best done by using the Law of Cosines from Plane Trigonometry.) 


14. ABCD-EFGH is a rectangular solid. AB — 
12 in., BF = 4 in., BC = S in. Find the length 
of a diagonal of the solid. 


15. In Ex. 14, find the area of section ACGE. 

16. If d is a diagonal of a rectangular solid and a, c are three non-parallel edges, prove: 

d = Va2 + 62 -p cK 

17. Three non-parallel edges of a rectangular solid are proportional to the numbers 3, 4, 
5. One diagonal of the solid is 15^2 in. Find the length of each edge. 

18. In any prism, if a plane containing a lateral edge intersects a lateral face, the plane 
section thus formed is a parallelogram. Prove. 


H G 



Fig. 107 
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19. ABC-DEF is a triangular prism. A plane containing 
edge AB intersects base DBF in line HK. Prove tliat 
section ABHK is a trapezoid. 



Fic?. 108 


20. ABC-DEF is a right prism whose bases are equilateral 
triangles. A plane pai-allel to a basal edge but not parallel to the 
planes of the bases cuts all the lateral edges. Prove that the 
section thus formed is an isosceles triangle. 



21. ABC-BEF is any triangular prism. P and Q are 
respectively the mid-points of AB and BC. l^rove 
that JOQ and FP intersect each other at some point O. 
Also, show that 

DO = %DQ and FO = %FP. 



Fm. no 


22. In Ex. 21, let H be the mid-point of AC. Draw E//, and prove that EH passes 
through the point O. What is the ratio of EG to EH‘^ 


23. In Ex. 21, draw through O a line parallel to the lateral edges, cutting tlie top base at 
K and the lower base at J . Prove that K and J are the centroids of triangles DEF and 
ABC, respectively. 
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24. In the cube ABCD-EFGH prove that the diagonal 
planes ACOE and BFHD are perpendicular to each other. 



B 

Fig. Ill 


25. In the preceding figure draw AF, AH, HF, EC. Prove that EC is perpendicular to 
the plane of AAFH at the circumcenter of the triangle. 


26. In Ex. 25, prove that the diagonal plane ACGE is perpendicular to the plane of 
AAFH. 


27. Each lateral edge of a prism is 12 in. and is inclined at an angle of 60° to the planes 
of the bases. How long is the altitude? 


28. In Ex. 27, find the number of degrees in the acute dihedral angle formed bv extend- 
ing the plane of a right section to meet the plane of one base. 


29- In Ex, 28, if the area of one base of the prism is 20, what is the area of the right 
section? (See § 80.) 

30. In any parallelepiped, if a line passing through the center 0 of the solid is terminated 
by two opposite faces of the solid, then this line is bisected by the point 0. Prove. 


31. In any parallelepiped connect the mid-points of 
two opposite edges. In like manner connect the 
mid-points of each of the remaining pairs of opposite 
edges. Prove that these lines just drawn all meet 
one another at the center of the parallelepiped and 
are bisected by the center. How many of these 
lines are there? 



32. ABCD is a parallelogram in which DB and AC are diagonals. Using the Law of Co- 
sines prove that 

AC^ + DB^ = AB^ 4- BC^ + CD^ + DAK 


33. In any parallelepiped prove that the sum of the squares of the four diagonals equals 
the sum of the squares of the twelve edges. (Cf. Ex. 32.) 
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34. ABCD-EFGH is a cube. X, 7, Z, W, 
,/, K are respectively the mid-points of EA, 
AB, BC, CG, GH, HE, Prove that X, 7, 
Z, W, J, K are coplanar, and that 
XYZWJK is a regular hexagon. 



35. In Ex. 34, show that diagonal FD is perpendicular to the plane of XYZWJK at the 
geometric center of that polygon. 

36. Given a right prism ABC-BEF. Show how to construct a prism which shall be 
congruent (identically the same as) to the given prism. Prove the construction to be 
correct by showing that one prism can be made to coincide with the other. 




Chapter Six 


CYLINDERS 


94. Cylindric Surface. Let c be 
any plane curve, closed or open. 
Let X be any straight line touching c 
but not coplanar with c. Let x move 
so that it is always in contact with c 
and so that it remains parallel to its 
original position . The surf ace traced 
by X is called a cylindric surface. 



Fig. H'4 



Line x is the generatrix of the surface. Curve c 
is the directrix. An element of the cylindric surface 
is the line x in any one of its innumerable positions. 

(In all the following work it will be assumed that 
the directrix c is a closed curve.) 




Fig. 115 

95. Cylinder. If two parallel planes M 
and N cut all the elements of a cylindric 
surface, the solid bounded by M, N and 
the cylindric surface is called a cylinder 
(Fig, 116). 


Fig. 116 
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96. Parts of a Cylinder. (Cf. Fig. 116.) 

An element of a cylinder is that portion of an element of the cylindric surface 
which is included between If and A (EF in Fig. 116). 

The bases of a cylinder are the plane sections bi and 62 formed on ilf and AT, 
respectively. 

The basal edges are the circumferences of the bases. 

Corresponding pomts of the basal edges are points whicii are tlie extremities 
of an element (points E and F in Fig. 116). 

The lateral surface or cylinder wall is that portion of th(» cviindi’ic surface 
which is included between the planes of the bases. 

The altitude of a cylinder is the perpendicular distance between the planes 
of the bases. 


97. Right Section of a Cylinder. If a plane cuts all the 
elements of a cylinder perpendicularly, the plane section 
thus formed is called a right section of the cylinder (sec- 
tion s in Fig. 117). 


Fig. 117 

98. Theorem 29. 

The bases of any cylinder are congruent. 

Given: Cylinder with bases 6 and 6 '; cir- 
cumferences of bases are c and o'. 

Prove: 5^6'. 

We are to prove the theorem by showing 
that b can be moved down and made to coin- 
cide with h' . To do this we must show that 
all the points of c can be made to coincide 
with the corresponding points of c'. 

1 ) Choose any three points A, R, <7 on c. Draw 
elements AA' , BE', CC'. 

2) A', B', C' correspond to A, R, C. 

3) Draw AB, BC, CA, A'B\ B'C', C'A'. 

4) Prove AABC ^ AA'^'C'. Then A, R, C 
can be made to coincide with A', B\ C\ 

5) At the same time and by the same method 

we can prove that any and all other points Fig. 118 

of c wdll coincide with the corresponding points of c'. 
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6) The planes of h and 6' and the curves c and c' can be made to coincide. 
Hence, h ^ h'. 


99. General Classification of Cylinders. 


A cylinder is ! 


circular ! j circles 1 

I elliptic ellipses! 


etc. 


A right cylinder is one whose elements are perpendicular to the planes of the 


bases. 

An oblique cylinder is one which is not a right cylinder. 

A right circular cylinder or cylinder of revolution is a right cylinder whose 
bases are circles. 


100. Parts of a Right Circular Cylinder. The axis of a right circular cylinder 
is the line joining the centers of the circles which form the bases. (The term 
axis is similarly applied to any t 3 'pe of circular c^dinder.) 

An axial section of a right circular cylinder (or of any circular cylinder) is a 
plane section which contains the axis. 

The radius of a right circular cylinder is the radius of either base. 


101. Similar Cylinders of Rev- 
olution. If a rectangle is rotated 
through 360® about one of its sides, 
the rectangle will generate a 
cylinder of revolution. If similar 
rectangles are rotated about cor- 
responding sides, the cylinders of 
revolution thus generated are 
called similar cylinders of revolu- 
tion. 




102. Tangent Plane. If a plane touches a cjdindric surface so that the two 
have one and only one element in common, the plane and the cylindric surface 
are said to be tangent to each other. 


103. Circumscribed Prism. If the bases of a prism 
are respectively in the planes of the bases of a cylinder, 
and if the lateral faces of the prism are each tangent 
to the cylinder w^all, the prism is said to be circum- 
scribed about the c^dinder, — or the cylinder is said to 
be inscribed in the prism (Fig. 120). 



Fig. 120 
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104. Inscribed Prism. If the bases of a prism 
are respectively in the planes of the bases of a 
cylinder, and if the lateral edges of the prism are 
each elements of the cylinder, the prism is said to 
be inscribed in the cylinder, — or the cylinder is 
said to be circumscribed about the prism (Fig. 121). 



EXERCISES 
Group Nine 


1. If a plane containing an element of any cylinder 
intersects the cylinder, its second intersection with the 
cylinder wall is an element. (Let plane aS, containing 
element AB, intersect the cylinder wall for the second 
time in a line x. Through C draw element CD. Show 
that both CD and x lie in aS and the cylinder wall at the 
same time, and hence that x and CD coincide since there 
can be but one intersection of the plane and the cylinder 
wall in this region of the wall.) 


Fig. 122 

2. A section of a cylinder made by a plane containing an element is a parallelogram. 

3. A section of a right cylinder made by a plane containing an element is a rectangle. 

4. In a right cylinder the altitude equals any element. 

5. Any axial section of a cylinder of revolution is a rectangle. 

6. Sections of a cylinder made by two parallel planes cutting all the elements are con- 
gruent. 

7. Any two right sections of a given cylinder are congruent. 

3. Any right section of a cylinder of revolution is a circle. 

9. The axis of a circular cylinder equals any element, is parallel to all the elements, and 
passes through the centers of all sections parallel to the bases. 

10. If a cylinder is inscribed in a prism, the lateral edges of the prism are parallel to the 
elements of tlie cylinder. 
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11. If a prism is inscribed in a cylinder, the lateral faces of the prism are each parallel 
to the elements of the cylinder. 

12. A regular prism can be inscribed in or circumscribed about a given cylinder of revo- 
lution, and the line joining the centers of the bases of the prism must coincide with the 
axis of the cylinder. 

13. Find the radii of the cylinders which can be inscribed in and circumscribed about a 
cube one edge of which is 6 in. 

14. The altitude of a right circular cylinder is 10 in. and its radius is 3 in. A right prism 
with equilateral triangles as bases is inscribed in the cylinder. Find the sum of the areas 
of all the faces of the prism. 

15. Do Ex. 14, assuming that the prism is circumscribed about the cylinder. 

16. What is the locus of points which are 2 in. from a given line? 

17. A and B are points which are respectively 4 in. and 5 in. from a line x. ^Wiat is the 
locus of points which are at the same time 2 in. from 2 ' and equidistant from A and B? 

18. A line x lies between the faces of a dh Z M-h-N\ x is parallel to h. \Miat is the locus 
of points w'hich are at the same time d in. from x and equidistant from M and 

19. A line x is perpendicular to a plane M. "Wliat is the locus of points wliich are 7 in, 
from X and 4 in. from ilL? 

20. Do Ex. 19, assuming that x is parallel to M and 1 in. away from M. 

21. In a rectangle ABCD, AB = 6 in., BC = 4 in. A cylinder of revolution is generated 
by rotating ABCD about BC. What is the area of the axial section? ^Miat is the area 
of the axial section if the cylinder is generated by rotating ABCD about AB'l 
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105. Areas. The lateral area of a prism is the sum of the areas of its lateral 
faces. The lateral area of a cylinder is the area of the cylinder wall. The total 
area, either of a prism or c^dinder, is the sum of the latei*al area and the areas 
of the bases. 

106. Volume. The volume of any solid is the amount of space included by the 
bounding surfaces. 

107. Theorem 30. 

The lateral area of a prism is the product of the perimeter of a right 
section and a lateral edge. S = t ■ e. 


Given: Any prism. 

e == lateral edge; 
t = perimeter of right section ; 

S = lateral area. 

Prove: S t • e. 

1) Each of the lateral faces, 1, 2, 3, etc., /j-k 
is a parallelogram; and the lateral 
area is the sum of the areas of these 
parallelograms. Also, xi, xo, X3, etc., 
are each perpendicular to the lateral 
edges which they meet. 

2) areas of parallelograms are: ki == Xi • e 



h = xs ‘ e; etc. 


3) Adding: {ki + k 2 -\- kz+ • • • ) = (xi + X2 + X3 + ')e 

4) Or: ( S ) = ( t )e 

108. Assumption. If a prism is inscribed in or circumscribed about a cylinder, 
and if the number of lateral faces of the prism is caused to become infinite, 
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i) the lateral area and total area of the prism approach, respectively, the 
lateral area and total area of the cylinder as limits; 

ii) the volume of the prism approaches the volume of the cylinder as a limit. 

109. Analogy between Prisms and Cylinders. § 108 states that if a prism 
is inscribed in or circumscribed about a cylinder and if the number of lateral 
faces of the prism is greatly increased, the prism becomes more and more 
like the cylinder. The greater the number of lateral faces becomes, the smaller 
each face becomes, and the more closel 3 ^ the prism approximates the cylinder 
both in appearance and in measurement. The content of § 108 is compara- 
ble with that of Postulate 5 which has to do with the beha\dor of a polygon 
inscribed in or circumscribed about a circle when the number of sides of the poly- 
gon is increased indefinitely. 

It will soon be seen that the formulas for areas and volumes of cylinders 
are out-growths of the corresponding formulas for prisms. The results for cylin- 
ders will be achieved b\^ the use of § 108. 

It is valuable to bear in mind constantly' the analogy between prisms and 
cjdinders. In general, if a theorem is valid for a prism it is likewise valid for a 
cylinder, — provided that the theorem is not concerned with the number of 
faces or with the separate faces of the prism. A cylinder is the limiting form 
of an inscribed or a circumscribed prism as the number of lateral faces of the 
prism is increased indefinitel}^ 

110. Theorem 31. 

The lateral area of a cylinder is the product of the perimeter of a 
right section and an element. S — t‘ e. 

Given: Any C3dinder. 
e = element; 
t ~ per. of rt. sect.; 

S = lat. area. 

Prove: S ^ t • e. 

1) Inscribe a prism in the cylinder. 

For this prism: e — lat. edge. 

Let t' = per. rt. sect.; 

and S' = lat. area. 

2) S' = t' -e (§ 107). 

3) Let the number of lateral faces of the prism be- 
come infinite. * Then t' — >t (Post. 5). Hence, 
tf ' e t - e, since e remains constant. Also, S' S (§ 108). 

4) The two variables S' and t' • e are always equal. 

5) their limits, S and t • e must be equal (Ref. 91). 

6) That is, S ^ t ■ e. 

* The arrow signifies “approaches as a limit.” 
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111. Corollary A (Th. 31). 

In a cylinder of revolution with radius r and altitude h : 

Lateral Area: aS — 2Trrh. 

Total Area : T = 27rr/? + 27rr“. 


112. Corollary B (Th. 31). 

The lateral ai-eas or the total areas of two similar cylinders of revolu- 
tion are to each other as the squares of their respective elements, alti- 
tudes, radii, diameters. 

1) aSi = 27rri/?i 
& = 27rr2/i2 

9^ • ^ 27rri/?i ^ tJh n\ /AA 

^ "Si 27rr2h2 Vihi Ti/yhi/ 

3) But = Why? 

To n‘> 

Complete the proof. 


EXERCISES 

Group Ten 

1. The lateral area of a right prism is the product of the altitude and the perimeter of a 
base. Prove. 

2. A right section of a prism is a regular hexagon 3 in. on a side; the lateral edge of the 
prism is 10 in. Find the lateral area. 

3. The radius of a right circular cylinder is 8 in. and the altitude is 5 in. Find the lateral 
area and the total area. 


4. If the wall of a right circular cylinder is unrolled from the solid and spread out upon 
a plane what shape will it then have? 


5. A rectangle ABDC in which AB = 4 in. and AC = 12 in. is rolled 
so as to become the wall of a right circular cylinder, one element of 
which is 4 in. What is the radius and total area of this cylinder? 
(Assume that edge AB just meets edge CD when the cylinder is 
formed.) 



6. Each edge of a regular hexagonal prism is 6 in. Find the total area. 
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7. In Ex. 6 find the lateral areas of the circular cylinders which are respectively inscribed 
in and circumscribed about the prism. 

H ^ 

8. ABCD-EFGH is a parallelepiped. ABCD 
is a rectangle. AB — 10V3in.,DA == 6 in., 

AE == 8 in. Faces ABFE and DCGH are 
perpendicular to the planes of the bases. 

AEAB ~ 60°. Find the lateral area and the 
total area- 

Fig. 126 

9. In Ex. 8 what is the angle of inclination of a right section to the plane of a base? 

10. A piece of drain pipe, cylindrical in shape, is 3 ft. long. The wall of the pipe is f in. 
thick; the inner radius of the pipe is 8 in. Find the total area of the piece of pipe: inside, 
outside, edges. (Assume pipe to be a right cylinder in shape.) 

11 . The radius and altitude of a right circular cylinder are each 12 in. Find the lateral 
area and the total area of the regular triangular prisms which are respectively inscribed 
in and circumscribed about the cylinder. 

12. Two rectangles whose dimensions are respectively 3 by 4 and 12 by 16 are revolved 
about corresponding sides as axes. Mliat is the lateral area of each cylinder if the rec- 
tangles are revolved about their smaller sides? WTiat are the lateral areas of the cylinders 
formed if the rectangles are revolved about their longer sides? 

IS. C and D are two similar cylinders of revolution. In C the altitude is 8 in. and the 
radius 3 in. In D the altitude is 6 in. What is the radius of D? 

14. In Ex. 13 what is the ratio of the lateral area of the smaller cylinder to that of the 
larger? 

15. C and D are two similar cylinders of revolution. The diameter of C is 10 in. and the 
radius of D is 15 in. What is the ratio of the lateral area of the larger to that of the 
smaller? 

16. The altitude of one of two similar cylinders of revolution is four times that of the 
other. What is the ratio of the lateral area of the first to that of the second? Compare 
their total areas, also. 

17. ^he lateral area of one of two similar cylinders of revolution is nine times that of the 
other. What is the ratio of the radii, — smaller to larger? 

18. The lateral area of one of two similar cylinders of revolution is k times that of the 
second. What is the ratio of the altitude of the first to the altitude of the second? 

19. The sum of the lateral areas of two similar cylinders of revolution is 200 sq. in. 
The radius of the larger is three times that of the smaller. Find the lateral area of each. 

20. The sum of the altitudes of two similar cylinders of revolution is 40 in. The lateral 
area of the smaller is that of the larger. Find the altitude of each. 

21. The dimensions of a rectangle are x in. by y in. The rectangle is rotated about its 
cr-inch side to generate a right circular cylinder. It is then rotated about its 2 / "inch side 
instead. Compare the lateral areas of the two different cylinders thus formed. Compare 
the total areas. 




62: 


SOLID GEOMETRY AND SPHERICAI. TRIGONOMETRY 


22. The radius of a right circular cylinder is 10 in. A plane parallel to the axis of the 
cylinder and 6 in. from the axis cuts the cylinder. If the altitude of tlie cylinder is 12 in., 
find the area of the plane section thus formed. 

23. The radius of a right circular cylinder is 5 in. Through an external point 5 in. from 
the cylinder wall two planes are drawn tangent to the cylinder. How large is the dihedral 
angle formed by these planes? 

113, Units of Measurement. In order to measure a dis- 
tance we use a unit of length, namely, an arbitrarily chosen 
line-segment u (inch, foot, centimeter, etc.). The measure- 
ment of this distance is the number of times the chosen unit 
u is contained in the given distance. 

Similarly, in order to measure an area, we commonly use 
a square one side of which is a standard length unit (scpiare 
inch, square foot, square centimeter, etc.). The measurement 
of the given area is the number of times this unit sciuare 
is contained in the given area. 

Finally, in order to measure a volume, we ordinarily use 
a unit cube each edge of which is a standard length unit and 
each face of which, correspondingly, is a standard area unit 
(cubic inch, cubic foot, cubic centimeter, etc.). The measure- 
ment of the volume is the number of xmit cubes contained in 
the given volume. 

The measurement of a length, area, or volume may be any 
sort of positive, real number, — rational or irrational. 

Fig. 127 

114. Theorem 32. 

The volume of a rectangular solid is the product of the area of its base 
by its altitude, — or what is the same thing, the product of its three 
dimensions. 



A rigorous proof of this theorem 
will not be given here. In fact we 
shall accept the truth of it without 
any proof at all. 

In case each dimension is a whole 
number the truth of the theorem is 
apparent. In the figure, for example, 
the number of unit cubes contained 
in the solid is 140 since there are 5 
horizontal layers of cubes and since 
each layer contains 4 rows of cubes 
with 7 cubes to a row. 

In a rigorous proof, however, we 
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should have to consider the case where one or more dimensions is a fraction or 
mixed number, anc^also case where one or more dimensions is an irrational 
number such as Vs, sVt, etc. 

115. Corollary A (Th. 32). 

The volume of a right prism ha\dng right triangles as bases is the 
product of a base and the altitude. 





■Given: rt prism ABC-DEF. AABC, ADEF rt A. Area- AABC == h; 
altitude = h. V = volume. 

Prove: V = b ' h. 

1) Construct a second prism II: A'B'C'-D'EP' w^hich is identically like the 
given prism I. Points A', B', C', D', E', F' correspond to A, B, C, D, E, F, 
respectively. (Cf. Ex. 36, Group Eight.) 

2) Place II against I so that face A'D'F'C coincides with its equal ADFC, but 
with A'D' coinciding with CF and C'F' coinciding with AD. Show that the 
composite solid III thus formed is a rectangular solid with base 25 and 
altitude h, 

3) Em = 25 •/? (§ 114). 

4) But V = -I Fill, since I and II are identically alike. 

5) V = i(25 - k) = h^h. 
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il6. Corollary B (Th. 32). 

The volume of any right prism is the product of its base and altitude. 

Show that if certain planes are drawn to contain the lateral edges the prism 
can be resolved into several right prisms having right triangles as bases. 
Apply § 115. Combine the results. 

117- Theorem 33. 

In any prism the product of its base and altitude equals the product 
of the area of a right section and a lateral edge. 



Fig. 130 

Given: Any prism. 

h = area of base 
u = area of right section 
h = altitude 
e = lateral edge. 

Prove: b • h — u ■ e. 

1) Let the plane N of the right section intersect plane M of the base, forming 
a dh Z 

2) Thus the right section is the projection of the lower base upon the plane N. 

3) u = h cos 6. (See § 80 and Exs. 10, 11 bf Group Seven.) 

4) Or b — u sec 6. 

5) Also, h — e cos 6. Why? 

6) b ■ h = u sec 6 e cos 6 

= u • c(sec 6 cos 6) 

— u • e(l) 

~ u ■ e. 

118. Theorem 34. 

The volume of any given prism is the same as the volume of a right 
prism whose base is a right section of the given prism and whose alti- 
tude is equal to a lateral edge of the given prism. 
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Given: Any oblique prism P 
Right prism P' 

Base of P' = right section of P 
Altitude of = a lateral edge of P. 

Prove: Vol. of P == voL of PC 

1) Since XYZWF is the same as a right section of P, P' may be partially fitted 
over P as shown. The resulting composite solid is then composed of three 
truncated prisms: 

I: A'B^C'D^W-X'Y'Z'W'F' 

II: XYZWF-A'B'C'D'E' 

III: ABCDE-XYZWF. 

2) Show that vol. I — vol. Ill by showing that I and III can be made to 
coincide. 

3) But P = 111 + II, and P' = I + II. 

4) P - PC 
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119. Theorem 35. 

The volume of any prism is the product of its base and altitude. 

F = 6 • /?. 


Given: Any prism P. 

b — area of base 
h — altitude 
u = area rt. sect. 
e = lat. edge 
V - vol. 

Prove: F = 5 • A. 

1) Let P' be a right prism having u as base and e as altitude. Let F' be its 
volume. 

2) F- F' (§ 118). 

3) Also, V'=^U’e (§116). 

4) But u ‘ e = h ’ h (§ 117). 

5) ... 7 = ^ = 5 . 

or 

F = 5 

120. Theorem 36. 


The volume of any cylinder is the product of its base and altitude. 

F = 6 • A. 


Given: Any cylinder. 
b = area base 
h = altitude 
F = volume 

Prove: V — h ■ h. 

1) Inscribe a prism in the cylinder. For this prism let 
b' = area base, F' = volume, h ~ altitude. Why? 

2) ¥ -h. (§ 119) 

3) Let the number of lateral faces of the prism become 

infinite. Then b' b (Post. 5). ¥ • h—^b ■ A, since 

A remains constant. Also F' — > F (§ 108). 

4) The two variables V' and ¥ • A are always equal. 
b • A must be equal (Ref. 91). 

5) /. F = 6 • A. 



121. Corollary A (Th. 36). 

In a cylinder of revolution of radius r and altitude A : 


F = 7rr%. 
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122. Corollary B (Th. 36). 

The volumes of two similar cylinders of revolution are to each other as 
the cubes of their respective radii, diameters, altitudes, elements. 

(For general method of proof see § 112.) 

123. The Generalized Cylindric Solid (Fig. 133). A cylindric surface has 
already been defined as the surface generated by a mo\ung straight line having 
a fixed direction and always in contact with some fixed plane curve, the line 
itself not being coplanar with the curve. The moving line and the fixed plane 
curve, respectively, were called generatrix and directrix. 

This idea may be generalized as follows. Let / be any plane figure such as 
the sector of a circle, or a figure composed of any combination of straight line 
segments and arcs of curves. Let e be any straight line not coplanar with /; 
let e maintain a fixed direction, and let e be in contact mth/ at all times. As e 
moves it generates a surface comparable to a cylindric surface. We may regard 
this surface as a generalized cylindric surface ha'vfing e as its generatrix and / as 
its directrix. 

If we form a solid by letting two parallel planes cut all the elements of one 
of these generalized cylindric surfaces, we obtain a solid which we may call a 
generalized cylindric solid. (See the illustrations below.) 


Fig. 133 

Many of the properties of these generalized cylindric solids, and in particular 
the measurement formulas for area and volume, can be shovni to be the same 
as those already developed for ordinary prisms and cylinders. For example, 
the lateral area can be found by taking the product of the perimeter of a right 
section and an element. The volume is the product of area of base and altitude. 
We shall assume these formulas to be valid without presenting any proof. 

EXERCISES 
Group Eleven 

1. Find the volume of a right circular cylinder if r = 4 in. and /? = 6 in. 

2. In two similar cylinders of revolution the radius of one is 3 in. and that of the other 
is 4 in. What is the ratio of the volume of the first to that of the second? 
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3. In two similar cylinders of revolution the altitude of the first is k times the altitude 
of the second What is the ratio of the volume of the first to that of the second? 

4. In two similar cylinders of revolution the volume of one is the volume of the other. 
In comparing the first to the second what is the ratio of the radii? Lateral areas? Total 
areas? 

5- Do Ex. 4 assuming that the first volume is k times the second. 

6. The lateral areas of two similar cylinders of revolution are in the ratio What is 
the corresponding ratio of their volumes? 

7. The total area of one of two similar cylinders of revolution is 6 times that of the other. 
What is the ratio of the volume of the larger to that of tlie smaller? 

8. The sum of the volumes of two similar cylinders of revolution is 112 cu. in. Their 
lateral surfaces are in the ratio Find the volume of each. 

9. In Exercise 10 of Group Ten find the number of cubic inches in tlie wall of the drain 
pipe. 


10. A clock case is constructed in the form of a rectangular 
solid ABCD-EFGH surmounted by half of a right circular 
cylinder as shown. AB = S in., BC = 5 in., BF — 10 in. Find 
the number of cubic inches of space within the case. 


Fig. 134 


11- A cubical block of wood, 4 in. on an edge, has a 
round hole 3 in. in diameter bored through it. The axis 
of this cylindrical hole passes through the center of the 
cube and is parallel to four lateral edges. Find the amount 
of wood left after the hole is bored. 


Fig. 135 

12. The volume of a right circular cylinder is 4 the product of its lateral surface and 
radius. Prove. 

13- The number of cubic inches in the volume of a certain right circular cylinder is the 
same as the number of square inches in its lateral area. Find the number of inches in 
the radius. 
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14. Find the volume of the right circular cylinder which can be circumscribed about a 
cube one diagonal of which is 3V3 in. 

15. ABCD-EFGH is an oblique parallelepiped each edge of which is 10 in. The bases 
ABCD and EFGH are squares. The vertex E is situated so that a perpendicular from E 
to the plane of ABCD would cut that plane at the center of square ABCD, Find the vol- 
ume of the solid. 

16. The bases of a right cylindric solid are each 135° sectors of circles wdth 4 in. radius. 
The altitude of the solid is 12 in. Find the volume, lateral area, and total area. 


17. In a right circular cylinder the altitude is 10 in. and the 
radius is 6 in. A plane parallel to the axis and 3 in. from the axis 
cuts the cylinder as shown. Find the volumes of the two solids 
into wdiich this plane separates the given cylinder. 




Fig. 136 


18. In a figure like that of the preceding exercise, if a is the area of the base of one of the 
pieces and h the area of the base of the other; and if v is the volume of the first piece and 

w the volume of the second, prove: v = ~ w 

0 


19. In a right prism ABC-DEFj CA = 15 in., 
OB = 20 in., ZACB = 90°, CF = 30 in. A plane 
containing lateral edge CF is drawn perpendicular 
to lateral face ADEB cutting it in HK. Find the 
volumes of prisms AHC-DKF and CHB-FKE. 



20. A block of lead has the shape of a rectangular solid -whose dimensions are J in. by f in. 
by 1 in. This piece of lead is to be melted and recast into the form of a regular triangular 
prism each basal edge of which is to be ^ in. Mdiat must be the altitude of this prism? 
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21. The altitude of a right circular cylinder equals its diameter. The volume is 1287r 
cu. in. Find the altitude and diameter. 

22. The altitude of a right circular cylinder is 7 in. and the total area is SStt sq. in. Find 
the radius. 

23. If h is the altitude of a right circular cylinder and r the radius, find the ratio of h to 
r if the lateral area is known to be 3 times the sum of the areas of the bases. 

24. Do Ex. 23, finding the ratio h/r, assuming that the total area is 4 times the lateral 
area 

E 


25. Two planes are perpendicular to each other, meeting in line AB, 

A circular cylindric surface is tangent to these planes at EF and CD, 
respectively. Assume that the planes ACE and BDF are perpendic- 
ular to AB, and that CD and EF are each parallel to AB. AB = 8 
in., AC = 5 in. Find the volume and lateral area of the solid. 

B 


D 

Fig. 138 

26. A tank built in the form of a right circular 
cylinder of radius 10 ft. and altitude 40 ft. rests on 
an element. The tank is partially filled with fuel 
oil, the greatest depth of the oil being 4 ft. If the 
tanlc were to be raised up and made to rest upon 
one of its circular bases, how deep wmuld the oil 
then be? Assume, of course, that the tank sets 
upon level ground. 

27. A container partially filled with water is constructed in the form of a rectangular 
solid. The dimensions of the base are 6 in. by 8 in. A block of iron in the shape of a regular 
hexagonal prism with a basal edge of 2 in. is dropped into the water. When the iron is 
completely submerged it is found that the water level has risen exactly 1 in. Assuming 
that the container is level find the altitude of the iron prism. Leave answer in simplest 
radical form. 



Fig. 139 
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124. Pyramidal Surface. Let d be any polygon. Let F be a fixed point not 
coplanar with d. Let ^ be a straight line through V and touching d (Fig. 140). 
If g noLOves, always touching d, it will generate a 'pyramidal surface. Obviously 




a pyramidal surface is composed of a series of plane surfaces having one point, 
V, in common. (See Fig. 141.) 

V is the vertex of the surface. 
g is the generatrix, 
d is the directrix. 

An element of a pyramidal surface is the generatrix in any one of its in- 
numerable positions. 

If the generatrix protrudes through V as it moves it generates two surfaces 
simultaneously (Fig. 142). The two surfaces thus generated constitute what 
is called a pyramidal surface of two nappes. The surface above V is the upper 

nappe; the lower surface is the lower nappe. 
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125. Pyramid. If a plane M not containing the vertex V of a pyramidal 
surface of one nappe is passed completely through the surface, the solid bounded 
by M and the pyramidal surface is called a pyramid (Fig. 143). 



Fig. 143 


126. Parts of a Pyramid. (Cf. Fig. 143.) 

Vertex: the point V. 

Base: the polygon or triangle determined by the intersection of M with the 
pyramidal surface {ABODE in the figure). 

Altitude: the perpendicular distance from vertex to plane of base (//.). 

Basal Edges: AB, BC, CD, etc. 

Lateral Edges: VA, VB, VC, etc. 

Lateral Faces: the triangles VAB, VBC, VCD, etc. 

Lateral Area: the sum of the areas of the lateral faces. 

Total Area: the area of the base plus the lateral area. 

127. Classification of Pyramids. 

triangular f triangle 

A pyramid is quadrangular if its base is a ■ quadrilateral etc. 

pentagonal pentagon 

A triangular pyramid is also called a tetrahedron. If all the edges of a tetra- 
hedron are equal, the solid is a regidar tetrahedron, 

V 


123. Regular Pyramid (Fig. 144). A regidar 
pyramid or right pyramid is one whose base is a 
regular polygon or triangle, and whose vertex is 
directly over the geometric center of the base. E 

A B 

Fig. 144 

129. Slant Height. It follows at once that the lateral edges of a regular 
pyramid are equal and hence that the lateral faces are congruent isosceles tri- 
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angles. If in each lateral face of a regular pyramid a perpendicular is drawn 
from the vertex to the basal edge, then all these perpendiculars must be equal. 
Any one of these perpendiculars is called the slant height of the pyramid ( VH in 
the figure)- Only a regular pyramid can possess a slant height. 

130. Theorem 37. 

If a plane parallel to the base of a pyramid cuts all the lateral edges, 
this plane divides the altitude and lateral edges proportionally; and 
the section formed is similar to the base of the pyramid. 


(Proof left to student.) 


131. Corollary A (Th. 37). 



Fig. 145 


If k is the area of a plane section of a pyramid parallel to the base h; 
if the distance of section k from the vertex is d, and if the altitude of the 

pyramid is h ; then : k ^ h. 


A 
// ' 


132. Frustum of a Pyramid. If a plane S parallel to M, the plane of the base 
of a pyramid, cuts all the lateral edges, that portion of the pyramid included 
between 8 and M is a frustum 
of the given pyramid (Fig. 146). 

The sections on 8 and M 
are the bases of the frustum 
(DEF and ABC in figure). 

The lateral edges, lateral faces, 
and altitude are respectively 
the portions of the lateral 
edges, lateral faces, and alti- 
tude of the pyramid which are 
included between 8 and M, 

Obviously each lateral face of 
a frustum is a trapezoid. 

It can be shown readily 
that the lateral edges of a frustum of a regular pyramid are equal, and hence 
that the lateral faces are congruent isosceles trapezoids. The slant height of a 





Fig. 146 
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frustum of a regular pyramid is that portion of the slant height of the pyramid 
included between the two bases of the frustum. The slant height of a frustum 
of a regular pyramid is the altitude of any one of the trapezoidal faces. 


EXERCISES 
Group Twelve 


1. V-ABC is a triangular pyramid. VD — fFA. Section s is 
parallel to the base 6. If S = 75 sq. in., find the area of s. 



Fig. 147 


2. The area of the base of a pyramid is 40 sq. in. A plane cuts all the lateral edges, is 
parallel to the base, and bisects the altitude. Find the area of the section parallel to the 
base. 


3. The altitude of a pyramid is 24 in. The base is a square 6 in. on a side. How far from 
the base must a plane parallel to the base be drawn in order to cut the pyramid and 
make a section whose area is 4 sq. in.? 


4. The altitude of a pyramid is 12 in. s is a section parallel to the base h. s = 8 sq. in., 
5 = 18 sq. in. Find the lengths of the segments into which this parallel section divides 
the altitude of the pyramid. 


5. ABCD-EFGH is a frustum of a regular square 
pyramid. AB — 14 in., EF — 8 in. The slant 
height is 5 in. Find the length of the altitude. 



TT 



Fig. 148 



6. In Ex. 5 find the length of each lateral edge. 


7. In Ex. 5 find the number of degrees in the acute dihedral angle which lateral face 
FBCG makes with the plane of base ABCD. 


S. ABC~DEF is a frustum of a tetrahedron. AB — 6 in., BC = 8 in., CA = 10 in., 
DE = 3 in. D and A, E and B, F and C are corresponding points of the two bases. 
Find the perimeter and area of the plane section parallel to the bases and mid-way be- 
tween them. (This section is called the mid-section.) 



PYRAMIDS 


9. V-ABC is a tetrahedron. D is the mid-point 
of BC. AB = AC = VB = FC = 26 in. VA == 15 
in. BC — 20 in. Find the area of the plane section 
VAD (Fig. 149). 


V 



10. V-ABCD is a regular square pyramid each lateral face 
of which is an equilateral triangle. Find the number of 
degrees in the acute dihedral angle between any lateral face 
and the plane of the base. 


V 



11, V-ABC is a regular tetrahedron, each edge of which is 6 in. A plane containing BC 
cuts edge VA perpendicularly at a point D. Find the perimeter and area of the section 


BCD. 


12. ABC-DEF is a frustum of a regular pyramid. 
Let X = angle between lat. edge and lower base, y = 
angle between lat. edge and lower basal edge, z = 
angle between lat. face and lower base (Fig. 151). 
Prove: y > x and x < z. 


F 



13, Parallelogram ABCD is the base of a pyramid V-ABCD. In lateral face FDA, EF 
is parallel to DA, cutting FA at F and FD at E. A plane S containing EF but not parallel 
to the base cuts VB at G and VC at H. Prove that the section EFGH is a trapezoid. 
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14. ABC~DEF is a frustum of a pyramid. 
X, F, Z are respectively the mid-points of TB. 
BC, CA. Draw DY, EZ, FX, and prove that 
DYj EZ, FX are concurrent (Fig. 152L 



Fig. 152 


15. ABCD-EFGH is a frustum of a regular square 
pyramid. Show that the lateral edges EA and CG 
lie in one plane S, and that FB and HD lie in one 
plane T. Prove that S and T are perpendicular to 
each other and that each is perpendicular to the 
planes of the bases (Fig. 153) . 


^ G 



16. In Ex. 15 show that the diagonal lines EC, AG, FD, BH are concurrent. 


17. V~ABC is a tetrahedron. A plane S which is 
parallel to the two opposite skew edges VC and 
AB cuts the pyramid so as to form the section 
DEFH. Prove that DEFH is a parallelogram 
(Fig. 154). 



Fio 154 


18. In Ex.^ 17 assume that the solid is a regular tetrahedron. Draw a plane N containing 
VC and bisecting edge AB. Prove that N is perpendicular to B. Prove that section 
DEFH is a rectangle. 
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19. V-ABCD is any pjTamid whose base is a 
rectangle ABCD (Fig. 155). Prove: 

VA^ + VC- = VB^ -i- FZ)2. 


V 



20. Prove the following with respect to a regular 

tetrahedron (Fig. 156). 

(a) All four altitudes are equal. 

(b) All four altitudes are concurrent and meet one 
another at a point which is three-fourths the 
distance from anj" vertex to the plane of the 
opposite face. 

(c) The point where an altitude meets a face is at the 
same time the centroid, circumcenter, incenter 
and orthocenter of that triangle. 


V 



Fig. 156 


133. Median of a Tetrahedron. In a tetrahedron a line connecting a vertex 
with the centroid of the opposite base is called a 7nedian of the tetrahedron. 


21, In a regular tetrahedron all the medians are equal, and a median and an altitude 
are one and the same. Prove. 


22. Find the altitude of a regular tetrahedron each edge of which is 6 in.; e in. 

23. Find the edge of a regular tetrahedron if the altitude is 12 in. ; h in. 


24. X, y, z, 6 , /, h are respectively the edges of a tetrahedron. 
Draw the six planes which bisect perpendicularly these re- 
spective edges. Prove: 

(a) these planes have one and only one point in common; 

(b) this point is equidistant from all four vertices. 

How many of these planes are necessary to determine this 
point? 



134. Circumcenter of a Tetrahedron. The point which is equidistant from 
all four vertices of a tetrahedron is called the circumcenter of the tetrahedron. 
(It will be shown later that this point is the center of the sphere which can be 
circumscribed about the tetrahedron.) 
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25. X, y, z, e, f, h are still the six edges of a tetrahedron. (Cf. Ex. 24 and the figure.) 
Draw the six planes which are respectively the bisectors of the dihedral angles y, Zy 
e, f, h of the tetrahedron. Prove: 

(a) these six planes have one and only one point in common; 

(b) this common point is equidistant from all four faces of the tetrahedron. 

How many of these planes are necessary to determine this point? 

135. Incenter of a Tetrahedron. The point which is equidistant from all 
four faces of a tetrahedron is called the incenter of the tetrahedron. (It will be 
shown later that this point is the center of the sphere which can be inscribed in 
the tetrahedron.) 

26. Prove that in the case of a regular tetrahedron the circumcenter and the incenter 
are one and the same. 



Chapter Nine 


CONES 


136. Conic Surface. A conic surface 
is generated in a manner similar to that 
in which a pyramidal surface is gener- 
ated, except that the directrix is some 
sort of plane curve. Any conic surface 
discussed here is assumed to possess 
some type of closed curve, c, for its 
directrix, — as for example a circle or an 
ellipse. (See Fig. 158.) 

The terms vertex, generatrix, direc- 
trix, element are employed as in the case 
of a pyramidal surface. 



Fig. 158 


137. Conic Surface of Two Nappes. The analogy 
to the pyramidal surface of two nappes is perfect. 
(Cf. § 124.) A conic surface of two nappes is formed 
if the generatrix protrudes through the vertex as it 
sweeps out the conic surface. The upper surface is 
the upper nappe, the lower surface is the lower nappe 
(Fig, 159). 

138. Cone. If a plane M, not containing the vertex 
F of a conic surface (of one nappe), is made to cut all 
the elements of the surface, the solid bounded by M 
and the conic surface is called a cone. 
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139. Parts of a Cone. (See Fig. 

160.) 

Vertex: point V. 

Base: tlie section determined upon 
M by the conic surface (curved 
figure b in Fig. 160). 

Basal Edge:, the circumference of h. 

Altitude: the perpendicular dis- 
tance from vertex to plane of 
base (A)- 

Element: any line connecting with the basal edge. 

Lateral Surface or Wall: the portion of the conic surface possessed by the cone; 
i.e., the curved surface. 

Lateral Area: the area of the lateral surface. 

Total A rea: the area of base plus the lateral area. 

140. Classification of Cones. 


r 




A cone is 


etc. 


circular \ x - f <?ii'cle 1 

1 II its base is a i [ 

elliptical J I ellipse 1 

The axis of a circular cone is the straight line connecting the vertex with the 

center of the base. 

An axial section of a circular cone is a plane section which contains the axis. 
The radius of a circular cone is the radius of its base. 

(In elementary geometry we are equipped to deal only with circular cones. 
Hence all cones discussed here will be of that type.) 

141. Right Circular Cone or Cone of Revolution (Fig. 

161). If the vertex of a circular cone is directly over the 
center of the base, the cone is called a right circular cone or a 
cone of revolution. 

Obviously all the elements of a right circular cone are 
ecpial. In this case an element is often called the slant height 
of the cone. Also, it is easily shown that the axis and alti- 
tude are one and the same. 

Any axial section of a given right circular cone is con- 
gruent to any other axial section; any one of these sections is 
an isosceles triangle. The angle at the 
vertex of one of these triangles is called 
the angle of the cone. Thus, if the axial 
section is an equilateral triangle the 
angle of the cone is 60°, and so on. 

142. Similar Cones of Revolution. 

If a right triangle is revolved through 
360° about one of its legs it will gen- 
erate a cone of revolution. If similar Fig. 162 




Fig. 161 




CONES 


81 


right triangles are revolved about corresponding legs the cones thus generated 
are called similar cones of revolution. 

143. Theorem 38. 

In a circular cone a section parallel to the base divides the altitude and 
elements proportionally^ and the section itself is a circle. 

(For method of proof recall § 130 and Ex. 32 of Group Five.) 

144. Corollary A (Th. 38). 


If k is the area of a plane section of a cone parallel to the base h; and 
if the distance of section k from the vertex is d ; and if the altitude of 


the cone is /i; then: 



(Recall method of proof for § 131) 

145. Frustum of a Cone (Fig. 163). 
If a plane /S parallel to Tf , the plane of 
the base of a cone, is made to cut all the 
elements, the solid included between S 
and M is called a frustum of the cone. 

The terms bases and altitude are used 
as in frustums of pyramids. An element 
of a frustum is that portion of the ele- 
ment of the cone included between S 
and M. By § 143 all the elements of a 
frustum of a right circular cone are 
equal; any one of these may be called 
the slant height of the frustum. The 
radii of a frustum of a circular cone 
are the radii of its bases. The axis of 



Fig. 163 


a frustum of a circular cone is the line connecting the centers of its bases. 


EXERCISES 

Group Thirteen 

1. Find the slant height of a cone of revolution if its altitude is 8 in. and the circum- 
ference of its base is 127r in. 

2. The short leg of a 30-60-90 triangle is 4 in. The triangle is revolved about its shorter 
leg to generate a right circular cone. Find the altitude, element, and angle of the cone. 

3. Find the area of an axial section of a cone of revolution if the angle of the cone is 90 
and the slant height is 10v^2 in. 
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4. The element of a right circular cone is 20 in. and the area of its base is 1447r sq. in. 
Find the area of the axial section. 


5. The altitude of a cone of revolution is 15 in. and the radius of the 
base is 10 in. A plane section containing the vertex V cuts the base 
in a line AB which is 8 in. from the center O of the base. Find the 
area of the plane section VAB (Fig. 164). 


V 



6. Each element of a frustum of a right circular cone makes an 
angle of 60° with the plane of the lower base. The radius of 
the upper base is 10 in. and the altitude is 8 in. Find the radius 
of the lower base (Fig. 165). 



7. In a frustum of a right circular cone the altitude is 4 in. and the radii of the bases are 
respectively 2 in. and 5 in. Find the length of an element of the frustum, and the lengths 
of the element and altitude respectively of the entire cone of which this frustum is a part. 

8. Describe the solid generated by a right triangle if it is revolved about its hypotenuse. 

9. Show how a frustum of a cone of revolution can be generated by revolving a certain 
type of quadrilateral about one of its sides. 


10. A plane section of a cone parallel to the base bisects the altitude. If the area of the 
base is 8 sq. in., what is the area of this plane section? 


11. The altitude of a cone of revolution is 24 in. and the radius of the base is 6 in. How 
far from the base must a plane parallel to the base be drawn in order to cut the cone and 
form a section whose area is Ibir sq. in.? 


12. The altitude of a cone is h and the area of the base is 6. 
How far from the vertex must a plane parallel to the base 
be drawn in order to cut the solid and form a section whose 

area is 5 ?-? 

64 9 n 

13. A line HB is perpendicular to side AB of a AABC and 
is coplanar with the triangle. Describe the solid generated 
by AABC if it is revolved about HB (Fig. 166) . 



Fig. 166 


14. CD is perpendicular to side AB e.xtended of a AABC. De- 
scribe the solid generated by AABC if it is revolved about CD 
(Fig. 167). 


C 
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15. HB is perpendicular to side AB of a parallelo- 
gram ABCD and is coplanar with ABCD. Describe 
the solid which is generated by ABCD if it is re- 
volved about HB (Fig. 168). 


Fig. 168 


146. The Conic Sections. Choose any 
right circular cone and extend the ele- 
ments through the vertex so as to form 
a piece of the upper nappe of the conic 
surface. 

Draw a plane S parallel to M, the 
plane of the base, so as to cut the conic 
surface. Then by § 143, the section thus 
formed will be a circle (Fig. 169). 



Draw a plane T parallel to an element and cutting 
the conic surface. The curve which is the intersec- 
tion of T with the conic surface is called a parabola 
(Fig. 170). 



Fig. 170 
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Draw a plane U cutting the 
conic surface, and choose U in 
such a way that the inclination 
oi U to M is an angle less than 
the inclination of any element to 
M. The curve of intersection of U 
with the conic surface is called an 
ellipse (Fig. 171). 



Fig. 171 


Finally, draw a plane W cutting the 
conic surface, and choose W in such a way 
that the inclination of TF to M is an angle 
greater than the inclination of any element 
to M. Plane W will then cut both nappes 
of the conic surface. The two curves of 
intersection of plane W with the surfaces are 
the two branches of an hyperbola (Fig. 172). 



In Figs. 169-172 if the cutting plane happens to contain V the resulting 
intersections will not be the curves just described, but instead will be a single 
point, a single straight line, or two intersecting straight lines. Discuss each of 
these abnormal or degenerate” cases. 

A mathematical treatment of these four conic sections: the circle, the parab- 
ola, the ellipse and the hyperbola is beyond the scope of elementary geometry. 
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A systematic study of them together with their properties and measurement 
belongs to a higher branch of mathematics known as Analytical Geometry. 
147. The Generalized Conic Solid (Fig. 173). The concept of a generalized 
conic surface is similar to that of the generalized cylindric surface discussed in 
§123. 

Let / be any plane figure: polygon, curve, or a figure bounded by any com- 
bination of straight line segments and arcs; let F be a fixed point not coplanar 
with /; let e be a straight line containing V and touching the boundary of /. As 
e is allowed to move in accordance with this restriction it will generate a surface 
similar to the conic surface already mentioned. 



Fig. 173 


If a solid is formed by passing a plane through all the elements of this surface, 
the solid bounded by this plane and one nappe of the surface may be thought 
of as a generalized conic solid. Later we shall assume that the volume formulas 
to be derived for pyramids and cones are valid for these generalized conic 
solids. 
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148. Theorem 39. 

The lateral area of a regular pyramid is oiie-half the product of the 
perimeter of the base by the slant height. 


(Area of each lateral face ^fx. Add the areas of 
the lateral faces.) 


X 

Fig. 174 

149. Theorem 40. 

The lateral area of a frustum of a regular pyramid is the product of 
one-half the sum of the perimeters of the bases by the slant height. 

^ = KPi + P2)/. 


(Add together the areas of the congruent trap- 
ezoids which make up the lateral surface.) 

Xi 

Fig. 175 

150. Tangent Plane. A plane is tangent to a conic surface if the two surfaces 
have one and only one element of the conic surface in common. (Compare 
with § 102.) 
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151. Circumscribed and Inscribed Pyramids. If the 

base of a pyramid is coplanar with the base of a cone, 
and if the lateral faces of the pyramid are each tangent 
to the wall of the cone, the pyramid is said to be cir- 
cumscrihed about the cone, — or the cone is inscribed in 
the pyramid (Fig. 176). 

Fig. 176 


If the base of a pyramid is coplanar with the base 
of a cone, and if the lateral edges of the pyramid are 
elements of the cone, the pyramid is said to be inscribed 
in the cone, — or the cone is circumscribed about the 
pyramid (Fig. 177). 

Fig. 177 

152. Circumscribed and Inscribed Frustums of Pyramids. Study the 
figures and deduce the obvious definitions. Fig. 178 shows a frustum of a 






Fig. 178 Fig. 179 

pyramid circumscribed about a frustum of a cone. Fig. 179 shows a frustum 

of a pyramid inscribed in a frustum of a cone. 

153. The following facts which relate to the foregoing are easily established: 

A. If a pyramid is circumscribed about or inscribed in a cone, the vertices of 
the two solids coincide. 

B. A regular pyramid may be circumscribed about or a regular pyramid may 
be inscribed in a given right circular cone. Conversely, a right circular cone 
may be circumscribed about or a right circular cone may be inscribed in a 
given regular pyramid. 

C. If a regular pyramid is circumscribed about a right circular cone, the lines 
of tangency of the two lateral surfaces are slant heights of the pyramid. 
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D* A frustum of a regular pyramid may be circumscribed about or inscribed 
in a frustum of a right circular cone. Conversely, a frustum of a right 
circular cone may be circumscribed about or inscribed in a frustum of a regu- 
lar pyramid. 

E. If a frustum of a regular pyramid is circumscribed about a frustum of a 
right circular cone, the lines of tangency of the two lateral surfaces are 
slant heights of the frustum of the pyramid. 

154. Assumption. 

A. If a pyramid is circumscribed about or inscribed in a cone, and if the number 
of lateral faces of the pyramid is caused to become infinite, 

(i) the lateral area and the total area of the pyramid approach as limits, 
respectively, the lateral area and total area of the cone; 

(ii) the volume of the pyramid approaches as a limit the volume of the cone. 

B. If a frustum of a pyramid is circumscribed about or inscribed in a frustum 
of a cone, and if the number of lateral faces of the frustum of the pyramid 
is caused to become infinite, 

(i) the lateral area and total area of the frustum of the pyramid approach 
as limits, respectively, the lateral area and total area of the frustum of 
the cone; 

(ii) the volume of the frustum of the pyramid approaches as a limit the 
volume of the frustum of the cone. 

Compare the above with § 108. Just as a cylinder may be regarded as the 
limiting form of a prism, so a cone may be regarded as the limiting form of a 
pyramid. 

155. Theorem 41. 

The lateral area of a cone of revolution is one-half the product of the 
circumference of the base by the slant height (element). S ~ Jce. 

(Circumscribe a regular pyramid about the cone. Use § 154 and Ref. 91, 
and proceed in general as in § 110.) 

156. Corollary A (Th. 41.) 

In a cone of revolution of radius r and element e : 

lateral area, S = Trre; 
total area, T — + irre. 

157. Corollary B (Th. 41). 

The lateral areas or the total areas of two similar cones of revolution 
are to each other as the squares of their respective elements, radii, alti- 
tudes. 
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(Compare with § 112.) 




The lateral area of a frustum of a cone of revolution is the product of 
one-half the sum of the circumferences of the bases by the slant height 
(element). S = ^(ci 4- C 2 )e. 


(Circumscribe a frustum of a regular pyramid about the given frustum. Us^ 
§154 and Ref. 91, and proceed as in § 155.) 

159. Mid-Section of a Frustum. If a plane parallel to the bases of a frustum 
(either of a pyramid or of a cone) is drawn to cut all the elements of the frustum, 
the section thus formed is called a mid-section of the frustum. 


EXERCISES 

Group Fourteen 

1. Prove that the lateral area of a frustum of a pyramid or cone is the product of the 
perimeter of its mid-section by the slant height of the frustum. 

2. Find the lateral area of a cone of revolution with radius 3 in. and altitude 4 in. 

3. P and Q are any two pyramids having equal altitudes and bases of equal area. In 
each take a plane section parallel to the base; in both cases let this section be taken at the 
same distance from the respective bases. What is true of the areas of these plane sec- 
tions? 

4. Find the lateral area of a regular hexagonal pyramid each basal edge of which is 10 in., 
and each lateral edge of which is 13 in. 

5. In Ex. 4 find the lateral areas of the inscribed and circumscribed cones. 

6. The sides of a triangle are 5 in., 12 in., 13 in. Find the lateral area of the cone of 
revolution generated by revolving this triangle through 360® about (a) its 12-in. side; 
(b) its 5-in. side. 

7. The slant height of a regular square pyramid is 24 in. and the lateral area is 960 sq. in. 
Find the area of the base. 

8. The bases of a frustum of a regular square pyramid are 6 in. and 8 in. on a side, re- 
spectively. The slant height is 5 in. Find the lateral area. 



90 


SOLID GEOMETRY AND SPHERICAL TRIGONOMETRY 


9. The altitude of a regular square pyramid is 30 in. and the area of the base is 
1024 sq. in. A plane is drawn parallel to the base and bisects the altitude. Find the laL 
eral area of the frustum thus formed. 

10. The slant height of a frustum of a regulai^triangiilar pyramid is 10 in. and the areas 
of the bases are respectively 4V3 in. and 9V3 in. Find the lateral area of the frustum. 

11. The radii of the bases of a frustum of a cone of revolution are respectively 2 in. 
and 3 in., and the slant height is 4 in. Find the lateral area of the frustum. 

12. The diameters of the bases of a frustum of a cone of revolution are respectively 10 in. 
and 16 in., and the altitude is 4 i . Find the lateral area. What is the area of any axial 
section? 

13. The slant height of a frustum of a regular triangular pyramid is 6 in., and the lateral 
area is 126 sq. in. Find the area of the mid-section of the frustum. 

14. The lateral areas of two similar cones of revolution are respectively 9 sq. in. and 
16 sq. in. If the radius of the smaller is 5 in., what is the radius of the lai'ger? 

15. The altitude of one of two similar cones of revolution is k times the altitude of the 
second. What is the ratio of the lateral area of the larger cone to that of the smaller? 

16 . The sum of the lateral areas of two similar cones of revolution is 52 sq. in. The ratio 
of their respective elements is f. Find the lateral area of each cone. 

17. A regular pyramid (or right circular cone) has an altitude h and a base h. A plane 
parallel to the base bisects the altitude. Prove that the lateral area of the solid is the 
product of the slant height by the perimeter of the parallel section. (This section is a 
mid^section of the pyramid or cone.) 

18. The area of the base of a cone of revolution is 367r sq. in. The altitude is 8 in. Find 
the lateral areas of the inscribed and circumscribed regular triangular pyramids. 

19. The sides of a triangle are 10 in., 17 in., 21 in. The triangle is revolved through 360° 
about its longest side. Find the total area of the solid generated by this triangle. 

20. Find the radius of a cone of revolution of slant height 6 in. in which the total area 
is If times the lateral area. 

160. Let T~ABC be any pyramid. Let h = altitude, h = area of base. Divide 
h into any number of equal segments. Through each point of division draw a 


T T 



B B 


Fig. 181 


Fig. 182 
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plane parallel to the base. Using b and each of the parallel sections as bases 
construct prisms as shown in Fig, 181 and Fig. 182. 

In Fig. 181, starting with the first, name the prisms p, pi, p 2 , ps- 

Show that the prisms of Fig. 182 are respectively equal to the prisms pi, p 2 , pz 


(§§ 131, 119). 

Represent volumes as follows: 

Let p + Pi 4- P 2 + Pa = IF. 

Let T-ABC - F. 

Let Pi + P2 + Pa = U. 

Then TF > V and V > U (Ax. 3). 
Also W — U = p. 



A - B - C 



A ^ 

A - B • C 


Fig. 183 


Now increase the number of divisions of h indefinitely. TF now represents 
the sum of p (which has become smaller) and the remaining prisms of Fig. 181. 
U represents the sum of all prisms except p. (See Fig. 183.) p approaches 0 
in value. 

But (IF — T") < p and (T^ — U) < p at all times. 

Therefore, since p approaches 0, TF must approach V in value, and U also 
must approach V in value. 

That is, the sum of the volumes of the pi'isms either of Fig. 181 or of Fig. 182 
appi'oaches as a limit the volume of the pyramid T—ABC. 

161. Let T-ABC and 0-XYZ be any two pyramids ha\ung equal altitudes ih), 
and bases of equal area (6). Let V — volimie of T-ABC] let TF = volume of 
0-XYZ (Fig. 184). We shall prove: F = TF. 

Divide the altitude of each p 3 rramid into any number of equal parts. Through 
each point of di^dsion draw a plane parallel to the base, and construct prisms 
as in Fig, 181. 

Let the sum of the volumes of the prisms of T-ABC be V*] let the sum of 
the volumes of the prisms of 0-XYZ be TF'. 
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Now show that - W' (§§ 131, 119). 

Let the number of divisions of each altitude increase; that is, let the numbei 
of prisms of the two pyramids increase indefinitely and at the same rate. 

By §160: V' 

and ^ W. 

But the two variables V' and W' are always equal. 

Therefore, their limits V and W must be equal (Ref. 91). 

Therefore we have: 

Two pyramids must have equal volumes if their altitudes are equal and if their 
bases are equal in area. 

162. Theorem 43. 

The volume of any pyramid is one-third the product of the area of its 
base by its altitude. V = ^bh. 


Given: Any pyramid. 

h = base, h = altitude 
V = volume. 

Prove: V — ^hh. 

Part I. Let E-ABC be a triangular pyra- 
mid (Fig. 185). 

Using ABC as base and BE as lateral 
edge construct a prism ABC-DEF. Pass 
planes through the sets of points: E, A, C and 
E, A j F, thus dividing the prism into the three 
pyramids: E-ABC, E-ADF, E-ACF. 

Use §161 to show: 

1) E-ADF - E-ACF 

2) E-ABC = E-ADF 



Fig. 185 
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(Study figures 185, 186 and note that E~ADF is actually the same pyramid 
as A-DEF,) 

.*. the three pyramids are equal, and hence each one must be one-third of 
the entire prism. 

/. E-ABC - ^ABC-DEF - iijbh) = ibh (§ 119). 


Part II 

If the given pyramid is not triangular, divide 
it into triangular pyramids by planes through the 
vertex and diagonals of the base (Fig. 187). 

Obtain the volumes of these triangular pyramids 
and add the results. 

Note: An alternative proof of Theorem 43 fol- 
lows. This second proof is more algebraic in nature, 
being an interesting application of infinite series to 
geometry. 

162. Theorem 43. 



The volume of a pyramid is one-third the product of the area of its base 
by its altitude. V = ^bk. 

Given: Any pyramid. 

h = area of base 
h — altitude 
Y volume 

Prove: Y = ^hh. 

1) Divide h into n equal segments, each equal to x. Through each point of 
division pass a plane parallel to the base of the pyramid, thus forming a 
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series of parallel sections. Starting with the section nearest to the base call 
the areas of these sections h 2 , 63, 64, . . • Then the area of the topmost 
section will be hn- 

2) Upon h, h 2 , £>3, 64, . . . as bases construct prisms of the type discussed in 
§ 160. Let P be the sum of the volumes of these prisms. 



Fig. 188 


3) P = hx + hox H- hsx -1- h 4 X hnX 

~ <>^+ ■ ■ ■ +(r,) '31, 119) 

f)X 

= [n^ + (n - 1)^ + (ir - 2)^ + (n - 3)- + + 1-]. 

In the brackets each term which is squared is seen to be 1 less than the term 
before it which is squared. The largest of these is and the smallest is 1. 
Hence the series in the brackets is actually the series : + 2- + 3- + 4- + 

• • • + n^. From Ref. 92 the formula for the sum of the n terms of this 
series is 

4) ..|[?(2„ + i)(„+i)]_^[0”+il<i+«] 

_ h(nx) r (271- + 3n + 1)1 bh f-, , 3 11 

3 L J 211 '^ 2n^\' 

5) Now let n become infinite. As this occurs, the fractions ^ and each 

approach 0 in value. At the same time P approaches F as a limit. 
hh 

6) F = ^, by Ref. 91. 

o 
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163. Corollary A (Th. 43). 


The volume of a cone is one-third the product of the area of its base 
by its altitude. U = ^hh. 

(Circumscribe a pyramid about the given cone, or else inscribe a pyramid 
in the cone. Apply § 154 A(ii) and Ref. 91.) 

164. Theorem 44. 

If the areas of the bases of a frustum of a pyramid are bi and 62 , and if 
the altitude is h, the volume is given by the formula : 

I = “b &2 + ''^6162)- 


Given: Frustum of any pyramid. 
hi and 62 , areas of bases 
k — altitude 
V — volume 

Prove: ^ — ^ (^1 4- 

1 ) Extend the lateral edges of the 
frustum so as to form the pyramid 
of which the given frustum is a part. 
Let (x + h) be the altitude of this 
pyramid (Fig. 189). 

2 ) Then F = Vol. entire pyramid — Vol. 

small pyramid 
= ^(x 4 - h)hi - ^b2X (§ 162) 
= iC/i&i+(5i-62)x]. 



3) But — = 

^ bi (x 4- 


VF2 


(§ 131). 


hy- (x + h) Vbi 

4 ) In step 3, solve for x. Show that x = +J^ 2 ) 

5) Substitute this value of x in the last line of step 2, and 

obtain : F = ^{hbi 4“ b \y/bib 2 4- 62 ^) 


or : ~ 3 4" ^2 4- ^bih 2 ) . 

165. Corollary A (Th. 44). 


If the areas of the bases of a frustum of a cone are bi and b 2 , and if the 
altitude is h, the volume is: F = g( 6 i 4- 62 4- v/ 5 iZ> 2 ). 
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(Circumscribe a frustum of a pyramid about the frustum of the cone, or 
else inscribe a frustum of a pyramid in the given frustum of a cone. Apply 
§ 154 B(ii) and Hei. 91.) 


EXERCISES 

Group Fifteen 

1. Find the volume of a square pyramid if the altitude is 20 in. and each basal edge 
is 12 in. 

2. Find the volume of a cone if the altitude is 14 in. and the base is a circle of radius 6 in. 

3. If two pyramids (or cones) have equal bases, their volumes are to each other as their 
altitudes. If two pyramids (or cones) have equal altitudes, their volumes are to each 
other as the areas of their bases. Prove. 

4. A cone not fixed in shape but having a constant volume has a base b which is fixed in 
position and area. What is the locus of the vertex of the cone? 

5. A cone and a cylinder have equal bases and equal volumes. Flow do their altitudes 
compare? 

6. The base of a cone is two-thirds the base of a cylinder, and their volumes are equal. 
Compare their altitudes. 

7. Find the volume of a regular hexagonal pyramid each basal edge of which is 6 in. and 
the altitude of which is 10 in. 

8. Find the volume of a cone of revolution if the altitude is 12 in. and the slant height 
(element) is 13 in. 

9. The altitude of a regular triangular pyramid is 5 in. and the volume is 15V3 cu. in. 
Find the length of each basal edge. 

10. Find the volume of a frustum of a square pyramid if the altitude is 9 cm., and if the 
bases are squares whose edges are respectively 8 cm. and 6 cm. 

11. If the radii of the bases of a frustum of a circular cone are ri and r 2 , and if the altitude 
is h, show that the volume is 

i7rh(ri^ H- + rirz). 

12. The radii of the bases of a frustum of a cone of revolution are respectively 7 in. and 
10 in. and the element of the frustum is 5 in. Find the volume. 

13. A AAjBC, right-angled at C, is revolved through 360° about the leg BC as an axis. 
BO — 8 in., CA — 6 in. Find the lateral area, total area, and volume of the solid thus 
generated. 

14. In Ex. 13 find the volumes of the regular triangular pyramids which can be respec- 
tively inscribed in and circumscribed about the cone. 

15. ABCD-EFGH is a frustum of a regular square pyramid. AB — 26, EF = 10, the 
altitude = 15. Find the lateral area and the volume. 

16. The bases of a frustum of a right circular cone are circles whose diameters are respec- 
tively 18 in. and 4 in. Find the lateral area and volume if the slant height is 25 in. 

17. Find the volume of the solid mentioned in Ex. 19, Group 14. 
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18. Find tlie volume of a regular octagonal pyramid each basal edge of which is 4 ft. 
and the altitude of which is 8 ft. 

19. The volume of a regular triangular pyramid is 300\/3 and the area of its base is 
75V^3. Find the lateral area. 

20. The volume of one of two similar cones of revolution is 64 times that of the other. 
Find the ratio of the radii (larger to smaller), and the ratio of their lateral areas (larger 
to smaller). 

21. The lateral area of one of two similar cones of revolution is -J- that of the other. 
Find the ratio of the volume of the first to that of the second. 

22. The radius of one of two similar cones of revolution is f that of the other. The sum 
of their volumes is 140 cu. cm. Find the volume of each. 

23. The altitude of a pyramid is 12 cm. How far from the vertex must a plane parallel 
to the base be drawn in order to separate the pjn-amid into two solids of equal volume? 

24. The altitude of a cone is h and its volume is 162 cu. cm. A plane *8 parallel to the base 
cuts the altitude at a distance A/3 above the base. Find the volume of the frustum in- 
cluded between S and the base. 

25. The altitude of a pyramid P is 3^:. The pyramid is separated into three solids A', P, 
C and by two planes which are parallel to the base and which trisect the altitude. Find 
the ratio of the volume of A to that of P; P to P; C to P. 

26. The edge of a regular tetrahedron is e. Show that its altitude is that its total 

o 

area is and that its volume is 

27. Find the volume of a regular tetrahedron whose edge is 6 in. 

28. The total area of one regular tetrahedron is 289 V3 and the volume of a second is 
I 44 V 2 . Find the edge and altitude of each. 

29. A container is built in the form of a right circular cone. Any axial section is an equi- 
lateral triangle. (Such cones are often called equilateral cones,) Find to the nearest 
hundredth of an inch the lengths of the radius and altitude, respectively, if the cone is to 
contain 1 gallon (231 cu. in.). 

30. A circular sector has a radius of 20 in. and an angle of 120®. If this sector is cut out 
of paper and rolled so as to form the lateral surface of a right circular cone, find the total 
area and volume of the cone. Give your answer correct to the nearest tenth. 

31. In a trapezoid APCDjAP = 9 ft., ZP = 90°, 

PC == 4 ft., CD == 6 ft. ABCD is revolved 
through 360° about PC as an axis. Find the 
lateral area and volume of the solid thus gen- 
erated. 

32. In AAPC, AP = 11, pc - 20, CA == 13. 

A is a fixed line perpendicular to AB at P. AABC 
is always coplanar with A, and is revolved 
through 360° about A as an axis. Find the 
volume of the solid generated by AABC 
(Fig. 190). 



Fig. 190 
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33. In Ex. 32 find the volume of the solid generated by AARC if it is revolved about a 
fixed line f which is coplanar with AABC, which contains point C, and which is per- 
pendicular to RA extended. 

34. In a parallelogram ABCDj AB — 20 in., AD = 12 in., AA — 60°. A fixed line h 
is perpendicular to AB at A. ABCD remains coplanar with h, and is revolved through 
360° about h as an axis. Find the total exposed area of the solid generated by ABCD 
(Fig. 191). 



Fig. 192 


35. A block of wood is in the form of a right circular cone. The altitude is 8 in. and 
the radius of the base is 6 in. A cylindrical hole 6 in. in diameter is bored completely 
through the solid, the axis of the hole coinciding with the axis of the cone. Find the 
amount of wood left after the hole is bored (Fig. 192). 

36. From any point P within a regular tetrahedron lines a;, y, z, w are drawn 
perpendicular to the four faces, respectively. If h is the altitude of the tetrahedron, 
prove that xA-yA-zA'W — h. (From P draw lines to the four vertices thus forming- 
four pyramids. What is the volume of each pyramid? To what is the sum of these 
volumes equivalent?) 

37. Parallelogram ABCD is the base of a pyramid V~~ABCD. AE bisects BC and 
cuts DB at F. What is the ratio of the volume of pyramid V~FBE to that of pyramid 
V-ABCD (Fig, 194)? 



Fig. 194 Fig. 195 


38. Points Fj A, R, (7, D, E are respectively the centers of the faces of a cube whose edge 
is 10^2, Find the volume of the solid whose vertices are R, A, R, C, R, E (Fig. 195). 
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39. A chimney pot is built in the form of 
a frustum of a regular square pyrainid on 
the outside, and the flue is a hole in the 
form of a frustum of a right circular cone. 
AB — 3 ft., EF = 2 ft., the upper diam- 
eter of the hole is 1 ft., the lower diameter 
is 2 ft. The altitude of the figure is 4 ft. 
Find the amount of material used in 
constructing the chimney pot (Fig. 196). 


H 



Fig. 196 


40. V-ABCD is a regular square pyramid. 
AB = 12 in. The altitude is 6V3 in. 
VX — Through X a plane S, parallel 

to AD and perpendicular to the plane of 
FAD is drawn, forming the section XYZW. 
Find the volume of the pyramid V-XYZW 
and the volume of the solid ABCD-XYZW 
(Fig. 197). 



Fig. 197 


41. In Ex. 40 find the lateral area of the pyTamid V-XYZW. 


42. In AABC, CA = CB, P is the mid- 
point of AB. AB — 40 in. DCE is parallel 
to AB. DC == CE = 5 in. The entire 
figure is revolved through 180° about CP 
as an axis. Find the area of the surface 
generated by the line FH (Fig. 198). 
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166. Polyhedral Angles- When three or more planes meet in a common point 7 
the figure thus formed is called a polyhedral angle. (See Fig. 199.) 

The vertex is the common point V. The 
edges are the intersections of the planes already 
mentioned, and are seen to be lines which 
emanate from 7 (7A, VB^ 7C, etc.). The /aces 
are the portions of the given planes which are 
included between consecutive edges. (Note that 
the vertex, faces, and edges are respectively 
the vertex, lateral faces, and lateral edges of a 
pyramidal surface of one nappe.) The face 
angles are the angles having 7 as a common ver- 
tex and consecutive edges as sides. {/.AVB, 

ZBVC^ /.CVD, etc., are face angles.) Inherent 
in the concept of polyhedral angle just pre- 
sented is the fact that each face angle is necessarily less than 180"^. 

A polyhedral angle is convex if it is formed by a pyramidal surface whose 
directrix is any ordinary convex polygon; otherwise it is concave. Only the 
convex type will be considered here. 


V 



A polyhedral angle is 


trihedral 

tetrahedral 

pentahedral 

hexahedral 


three 

if it has ■! faces, etc. 

five ’ 

six 


Note that if a polyhedral angle possesses n faces, it must also possess n edges 
and hence n dihedral angles. The edges and faces of these dihedral angles 
are edges and faces of the given polyhedral angle. (See dh AA-VB-C^ 
dh ZB-VC~D, etc., in Fig. 199.) 


167. Theorem 45. 


The sum of any two face angles of a trihedral angle is greater than the 
third face angle. 
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Y-XYZ is the given trihedral angle. XVY , YYZ, ZYX are the face angles, 

(a) In case all the face angles are equal the theorem is obvious. 

(b) In case two of the face angles are equal and each is greater than the third, 
the theorem is again obvious. 

(c) Suppose that the face angles are all 

unequal. Suppose that XYZ is the 
largest. It is then obvious that 
XYZ + YYZ > XYY and that 

XYZ + XYY > YYZ. Hence we 
need to prove: XYY+ YYZ > XYZ. 

1) In face XYZ draw line YW making 
ZXYW = ZXYY. 

2) On YY and YW, respectively, take 
YB — VD. Draw any plane S con- 
taining points B and D and cutting 
YX at A and FZ at C. 

3) Obtain AA YB ^ AAYD. 

4) AD^AB. 

5) ABABC > AC (Post. 2). 

6) BC > DC (Ax. 7). 

7) ZBYO ZDYC (Ref. 18). 

8) ZAYB + ZBYC > ZAYD + ZDYC. 

9) A ZXYY A ZYYZ > ZXYZ (Ax. 3). 

(d) In case any two face angles are equal and each is less than the third, the 
proof is similar to that for (c). 

168. Theorem 46. 

The sum of the face angles of any polyhedral angle is less than 360° 

Given: Ph Z Y, having n faces. 

F — sum of face angles. 

Prove: F < 360°. 

1) Draw a plane M cutting all the edges of Y, 
thus forming a pyramid Y-ABCD . . . 

2) In plane M and within the base of the 
pyramid choose any point O and draw 
OA, OB, OC, etc. The base is now di- 
vided into n triangles. 

3) The sum of the angles around O is 360°. 

4) Represent angle sums (degrees) as fol- 
lows : 

T = sum of all the angles VAB, YBA, YBC, YCB, YCD, etc.; 

S = sum of all the angles OAB, OB A, OBC, OCB, OCD, etc. 



V 
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5) Then in polygon ABCD . . >S + 360° = n(180^) (Ref. 29 and Ax. 4). 

In the lateral faces: F T ^ n(180°) 

FAT^ ,8 + 360° (Ax. 1). 

6) or: = 360° - (T ~ S), 

7) But at vertex B, for example, / VBA + Z VBC > Z OB A + Z OBC (§167) ; 
similarly, for vertices C, D, E, etc. 

8) Adding: T > S (Ax. 5). 

9) .*. T — S must be greater than zero. 

10) Return to step 6. F is now seen to equal 360° diminished by a positive 
amount (T — S). 

That is, F < 360° 

169 . Theorem 47. 


In any trihedral angle: 

(a) each dihedral angle is less than 180°; 

(b) the sum of the dihedral angles is less than 540°; 

(c) the sum of the dihedral angles is greater than 180°. 


V 



Given: trh Z V~PQR 

dh z yp = 0^° 

dh Z EQ - 7/° 

dh z yp = z° 

Prove: (a) x <180°, y < 180°, < 180°; 

(b) X A~ y + z < 540°; 

(c) X -V y + z > 180°. 

1) On yp, VQ, VR respectively, choose A, B, C so that 1+4 = VB = b'C. 
Through A, B, C draw a plane M. Then plane M must be oblique to all 
three lines yA, yP, yC (Fig. 202). 
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2) Through any point D on VA draw a plane N' perpendicular to VA, cutting 
face VAB in DF, face VAC in DE, and M in EF. Then A EDA = ZFDA 
= 90°. Hence AEDF is the plane angle of dh Z VP. AEDF = 

(a) 

3) D-EAF is a trihedral angle. Since A EDA = A FDA = 90°, then by §168, 
Z EDF < 180°. That is: x < 180°. Similarly, y < 180°, s < 180°, 

(b) 

4) Adding the above results: x + yVz < 540°. 

(c) 

5) In plane N draw DH ± EF. Draw AH. Then AH ± EF (§ 27). 

6) A AHF and DHF are right triangles. Z HAF and HDF are each 
acute. 

7) sin HAF = sin HDF = 

8) But DF < AF (Hef. 33). .’. sin HDF > sin HAF. And since each of 

these angles is acute: A HDF > A HAF. Similarly: AHDE > AHAE. 

9) A EDF > AEAF. That is, x > A CAB. In like manner we can prove 
that y > A ABC, z > ABC A. 

10) But Z CAB + A ABC H- Z BCA = 180°, since they are the angles of AABC. 

11) x + yAz > 180°. 

170. Equal Polyhedral Angles. Two polyhedral angles are said to be equal 
(or congruent) if one can be made to coincide mth the other. 

171. Symmetric Polyhedral Angles. If the planes of the faces of any poly- 
hedral angle are extended through the vertex a second polyhedral angle is 
formed which is said to be symmetric with 
respect to the given polyhedral angle. The 
two polyhedral angles are also said to be 
symmetric with respect to each other, or 
simply symmetric. 

For example, in Fig. 203, the planes of the 
faces of the trihedral angle V-ABC have been 
produced through V to form a second trihedral 
angle V-A'B^C' . By definition, these two 
trihedral angles, then, are symmetric. The 
edges V A', VB', VC' correspond to the edges 
VA, VB, VC. It is obvious enough that the 
face angles of trh Z V-A'B'C' are equal re- 
spectively to the face angles of trh Z V~ABC ; 
also, the dihedral angles of the one are equal 
respectively to the dihedral angles of the other. 

All the parts of V-A'B'C' are equal to the 
corresponding parts of V-ABC. And yet one 
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trihedral angle cannot be made to coincide with the other, for the parts of one 
are arranged in an order which is opposite to that in which the parts of the 
other are arranged. In order to perceive this fact more easily, imagine that 
trh / V~A'B'C' has been separated from trh Z V-ABC and placed with its vertex 
pointing upward. (See Fig. 204.) It is now seen that the edges VA, VB^ 
VC follow one another around in a counterclockwise direction, while the corre- 
sponding edges VA' , VB', VC' are arranged in clockwise order. 



Fig. 204 


Familiar instances of symmetric bodies are a pair of gloves or a pair of 
shoes. The two gloves (or shoes) are alike, part for part, but the corresponding 
parts are arranged in opposite orders. Hence the right-hand glove (or right 
shoe) could not possibly be substituted for the left. 

172. If by the term parts of a polyhedral angle" we imply its face angles and 
its dihedral angles, then from the preceding discussion we may draw the con- 
clusions : 

(a) corresponding parts of equal polyhedral angles are equal; 

(b) corresponding parts of symmetric polyhedral angles are equal. 

EXERCISES 

Group Sixteen 

1. Can a trihedral angle be constructed in which the face angles are respectively 60°, 
40°, 100°? 160°, 130°, 170°? 120°, 120°, 120°? 

2. Can a trihedral angle be constructed in which the dihedral angles are respectively 90°, 
90°, 90°? 60°, 50°, 50°? 80°, 75°, 70°? 20°, 10°, 145°? 

a. Two dihedral angles of a certain trihedral angle are 40° and 60°. Between what two 
limits (in value) does the third dihedral angle lie? 

4. Prove that if the face angles of a trihedral angle are each 90° then each dihedral angle 
is also 90°. 
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5. State and prove a converse of Ex. 4. 

6. In a trh Z V-ABC, ZAVB — Z.CVB = 90°. Prove that dh Z VA = dh Z = 90°. 

7. In a trh Z V-ABC, dh Z VA = dh Z FC = 90°. Prove that ZAVB ^ ZCVB = 90°. 

8. Prove that two symmetric trihedral angles which have two face angles of one re- 
spectively equal to two face angles of the other can be made to coincide and are there- 
fore equal. 

9. Prove that two trihedral angles are equal if two face angles and the included dihedral 
angle of the^one are respectively equal to twm face angles and the included dihedral angle 
of the other, — corresponding parts of the two trihedral angles being arranged in like 
orders. (Use the method of superposition.) 

10. Prove that two trihedral angles are equal if two dihedral angles and the included face 
angle of the one are respectively equal to two dihedral angles and the included face 
angle of the other, — corresponding parts of the two trihedral angles being arranged in 
like orders. 

11. Show that in any polyhedral angle each dihedral angle must be less than 180°. 

173. Theorem 48. 

Two trihedral angles are equal if the three face angles of the one are 
respectively equal to the three face angles of the other, — correspond- 
ing parts of the two trihedral angles being arranged in like orders. 


Given: trh Z V~XYZ, W~KPO 

Z XVY = Z KWP, Z YVZ Z PWO, Z ZVX = Z OWK, 

Prove: trh ZV — trh Z TF. 



Fig. 205 

If we can prove dh Z. VX = dh Z WK, we can prove V = TF by superposi- 
tion. (Cf. Ex. 9, Group 16.) 

1) On VX and WK respectively take VA = WD. Through A and D respec- 
tively draw planes /S and T perpendicular to FX and WK. 
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2) ABAC is the plane angle of dh Z VX, and ZEDF is the plane angle of 
dh Z WK. 

3) rt AVAB ^ rt AWDE; rt AVAC ^ rt AWDF (Ref. 2). 

4) AB = BE and AC = DF. Also VB - WE and VC - WF. 

5) Show that ABVC ^ AEWF. 

6) BC = EF, 

7) Now show AABC ^ ADEF (SSS). 

8) /. ABAC ^ AEDF, 

9) dh ZFX - dh AWK. 

10) Use the method of Ex. 9, Group 16 (superposition) to show that trh Z V 
- trh Z W. 

(In case the corresponding parts of the two trihedral angles are arranged 
in opposite orders, of course the two ti'ihedral angles are then symmetric instead 
of equal.) 

174. Polyhedron. A polyhedron is a solid bounded by portions of planes. 
(Prisms and pyramids already studied are types of polyhedrons.) 

The edges of a polyhedron are the lines of intersection of the faces. 

The vertices are the vertices of the polygons which form the faces. 

The area of a polyhedron is the sum of the areas of its faces. 

At each vertex, obviously, there is a polyhedral angle of some sort. 

A polyhedron is convex or concave according as any plane section of it is a 
convex or a concave polygon. Only the convex type is considered here. 

A polyhedron is regular if all its polyhedral angles are equal, and if all its 
faces are congruent regular polygons. 

175. Theorem 49. 

There cannot be more thxiXi five different types of regular polyhedrons. 

The face angles of each polyhedral angle of the polyhedron are the vertex 
angles of the regular polygons which form the faces of the polyhedron. The 
number of different types of regular polyhedrons possible, therefore, depends 
upon (a) the mirnber of regular polygons which can be grouped about a common 
vertex to form each polyhedral angle, and (b) the types of polygons used for 
this purpose. 

By § 168, the sum of the face angles of each polyhedral angle must be less 
than 360°. Therefore, we may draw the following conclusions: 

1) If equilateral triangles are used as faces, a polyhedral angle can be formed by 
using three or four or five of these triangles but no more, since the sum of the 
face angles must be kept less than 360°. Hence there are no more than 
three types of regular polyhedrons having equilateral triangles as faces. 

2) If squares are used as faces, a polyhedral angle can be formed by using 
three squares and no more than three. Therefore, there can be no more than 
one type of regular polyhedron having squares as faces. 

3) If regular pentagons are used as faces, a polyhedral angle can be formed by 
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using three of these and no more. Hence there can be no more than one type 
of regular polyhedron having regular pentagons as faces. 

4) Regular hexagons or regular polygons of any greater number of sides cannot 
be used, since the grouping of three or more about a common vertex would 
cause the sum of the face angles of each polyhedral angle either to equal or 
to exceed 360“^. 

5) Therefore, there are no more than five different types of regular polyhedrons. 
Note carefully that we have not attempted to prove that there are precisely 

five t3^pes of regular polyhedrons. It is true that there are exactly five types; 
but we have shown merely that there cannot be more than five types. The 
proof of the existence of the five types is beyond the scope of this book. 


Types 

of 

Faces 

Number of Poljr- 
gons Used to 
Form Each Poly- 
hedral Angle 

1 

Sum of Face 
Angles of Each 
Polyhedral Angle 

Total 
Number 
of Faces 

Name 

of 

Polyhedron 

Equilat. A 

3 

180° 

4 

Tetrahedron 

Equilat. A 

4 

240° 

8 

Octahedron 

Equilat. A 

5 

300° 

20 

Icosahedron 

Square 

3 

270° 

6 

Hexahedron 

Reg. Pentagon 

3 

324° 

12 

Dodecahedron 



Regular 

Tetrahedron 



Regular 

Octahedron 



Regular 

Hexahedron 

(Cube) 



In order to study the five different types of regular polyhedrons more easily 
it may be helpful to construct models of them from heavy paper or card board. 
The diagrams which follow are patterns for these solids. Told along dotted lines. 
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176. Similar Polyhedrons. Similar polyhedrons are those whose correspond- 
ing polyhedral angles are equal and whose corresponding faces are similar 
polygons which are similarly placed. 

177. Exercise. Prove that if two tetrahedrons have a trihedral angle in common 
their volumes are to each other as the products of the edges including the 
common trihedral angle. 

Let the two tetrahedrons be T-ABC and T-DEF, having trh Z Tin common. 
Let TA = b, TB == a, TC = x, TD ^ e, TE = d, TF = y. 

Let Z.BTA = 6. 


C 



^ Vi hax 
Prove: — = -r- 
V 2 , edy 

From F and C, respectively, draw h and k perpendicular to the plane BTA, 
Show that 

h y 


Area ABTA = ^ba sin d; area AETD = ^ed sin d. 

Using h and k as altitudes express the volumes of the two tetrahedrons. 
Divide one result by the other. 


178. Exercise. Prove that the volumes of two similar tetrahedrons are to each 
other as the cubes of any two corresponding edges. 


179. Theorem 50. 


The volumes of two similar polyhedrons are to each other as the cubes 
of any two corresponding edges or as the cubes of any two corre- 
sponding lines. 


The following is not designed to be a complete and rigorous proof of the theo- 
rem. The intention is to make the truth of the theorem acceptable by indicat- 
ing certain ideas upon w^hich a proof could be based if the necessary logical 
background were at hand. 
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Let the similar polyhedrons be 
D-ABPC-E Bx\d W~XYQZ--1\ Assume 
that the solids are similarly placed. 


First, choose a point P which might \ / 

be either on or within solid I. In this / 

case F is a vertex. By joining P with 
the other vertices show that the polyhe- 
dron can be resolved into n tetrahedrons 
having a common vertex P. Secondly, 

assume that in solid II a point Q corresponding to P can found. ITei-e Q is a 
vertex corresponding to P. Assume that solid II (*,an bo rc^solvc'd into n tct-ra- 
hedrons having the common vertex Q and similar to the’! t.c'traluHirons of solid I. 
Consider a pair of these similar tetrahedrons: P-ADC and Q-XWZ. 

^ P-ADC /ACy / ADV 

From s 1/8, ^^WZ \Xz) \Xw) 

, F-ABD / ADX /AB 

bimilaily, q^xYW \Jcw) \Xi 

Q~XWZ Qr~XYW \Xy) 

^ P-ADCPP-ABD fABy 

bhow that Q_xwZ +■ Q-X YW \X y) 


Similarly, 


Show that 


/ ADy (AB 
[Jew) \A 1 

P~AB D ^ (A By 
Qr~XYW \Xy) 


Continue this process until you have: 

Sum o f tetrahedrons of I _ ( , J _ (4^Y 
Sum of tetrahedrons of II ” VATF/ ll \XF/ 
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180. Corollary A (Th. 50). 
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SPHERES. (GENERAL PROPERTIES) 


181. Sphere. A sphere is a solid all points of whose surface are at a constant 
distance from a fixed point within the solid. 

Thus, a spherical surface is the locus of points which are at a constant dis- 
tance from a fixed point. 

The center of a sphere is the fixed point mentioned above. 

The radius is the constant distance. 

A diameter is a line-segment passing through the center of the sphere and 
terminated by the surface. A diameter is equivalent to the sum of two radii. 

The area of a sphere is the area of the spherical surface. 

A point is said to be within, on, or outside a sphere according as its distance 
from the center is less than, equal to, or greater than the length of a radius. 

The distance from a given point to the surface of a given sphere is always 
measured along the straight line connecting the given point with the center of 
the sphere. 

A sphere may be generated by revolving a semicircle through 360° about 
its diameter, or by revolving a complete circle through 180° about any diameter. 

As in the case of circles, when there is no ambiguity a sphere may be desig- 
nated by naming its center. 

182- Theorem 51. 

Any plane section of a sphere is a circle. 


Given: Plane M cutting sphere 0. M cuts the spherical surface in some 
ciu've c. 

Prove: c is a circle. 

1) Draw OP A M , cutting M at P. 

2) Choose any number of points A, P, C, . . . one. Draw AP, BP, . . ,, AO, 
BO, . . . 

3) Show that AP = BP = • • . by congruent triangle.s. 

4) Show that c satisfies the definition of circle. 

5) If M passes through 0, why is c obviously a circle? What is its radius? 

112 
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Fig. 210 


183. Circles of a Sphere. A circle formed by the intersection of a plane with 
a sphere is called a circle of the sphere. If the intersecting plane passes through 
the center of the sphere the circle thus formed has its center at the center of the 
sphere and has the radius of the sphei'e as its own radius. Such a circle is called 
a great circle. All circles of a sphere other than great circles are often called 
small circles. 

The following facts relating to circles of a sphere are easily deduced and 
may be done as exercises. 

A. Three points on the surface of a sphere determine one and only one circle of 
the sphere. 

B. Two points (not the extremities of a diameter) on the surface of a sphere 
determine one and only one great circle. 

C. A diameter of a sphere which is perpendicular to the plane of any circle of 
the sphere passes through the center of that circle. 

D. A diameter of a sphere which passes through the center of a small circle is 
perpendicular to the plane of that circle. 

E. If two small circles of a given sphere are 


equal they are equidistant from the center 
of the sphere, and conversely. 

F. If two small circles of a given sphere are un- 
equal the larger circle is nearer to the center of 
the sphere than is the smaller, and conversely. 

G. A great circle of a given sphere is the largest 
circle of that sphere. 

184. Axis and Pole. The axis of a circle of a 
sphere is that diameter of the sphere which passes 
through the center of that circle. By § 183, the 
axis must be perpendicular to the plane of the 
circle. In Fig. 211, NS is the axis of the circle c. 
The poles of a circle of a sphere are the ex- 


N 



S 

Fig. 211 
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tremities of its axis. In Fig. 211, N and S are the poles of circle c; N' is the 
nearer 'pole, S the farther pole. 


185. Spherical Distance. If A and B are any two 
points on the surface of a given sphere the distance 
between A and B measured along the spherical surface 
is an arc of the great circle determined by A and B] 
and the arc chosen is one which is never greater than 
half a great circle. This distance is called the spherical 
distance between A and B. 

186. Quadrant. A quadrant is one-fourth the cir- 
cumference of a great circle. 



187. Theorem 52. 


The spherical distance from any point on a given circle of a given 
sphere to a specified pole of that circle is constant. 


Given: c, a circle of sphere O. 

A, any point on c. 

N and S, the poles of c. 

Prove: Spherical distance AN is constant. 

1) Choose a second point B on c. Draw the two 
great circles determined by A and A, and by B 
and N, respectively. Draw OA, AP, OB, BP. 

2) AOAP ^ AOBP. LAOP = I.BOP. 

3) AN = BN. 

4) Similarly, choose other points C, D, etc., on c 
and show that AN = BN = CN — DN = • • • 

5) In like manner we can show that spherical dis- 
tance AaS is constant. 


N 



Fig. 213 


188. Polar Distance. The spherical distance from any point on a given circle 
of a sphere to the nearer pole is called the polar distance of that circlcv 

189. Theorem 53. 


If a point P on a given sphere is at a quadrant's distance from each 
of two other points A and B (not the extremities of a diameter) also 
on the sphere, then P is a pole of the great circle determined by A. and B. 

Given: PA = PB = 90°. 

A and B are not the ends of a diameter, 
c is the great circle determined by A and B. 
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Prove: P is a pole of circle c. 

1) Draw PO, OA, OB, 

2) Show that ZPOA = ZPOB - (Ref. 73). 

3) Show that PO is the axis of c, and hence that 
P is a pole of c. 


EXERCISES 

Group Seventeen 

1. Why do § 183-P and § 189 break down in case the ‘^two points'’ mentioned are the 
extremities of a diameter of the sphere? 

2. What is the polar distance of any great circle? 

3. On a given sphere equal circles have equal polar distances, and conversely. Prove. 

4. If the planes of two circles of a given sphere are parallel, these circles have the same 
axis and the same poles. Prove. 

5. How many points are necessai^^ to determine a sphere? Describe possible arrange- 
ments of these points. 

6. A and B are the extremities of a diameter of a sphere, and P is any third point on 
the surface. Show that ZAPB is a right angle. 

7. A and B are any two points on a sphere. Draw the chord AB and the plane S which 
bisects AB perpendicularly. Prove that S must pass through the center of the sphere. 

8. If the axis of one great circle is taken as the diameter of a second great circle on the 
same sphere, the planes of the two great circles are perpendicular to each other. Prove. 

9. If the planes of two great circles of a sphere are perpendicular to each other, either 
circle must contain the poles of the other. Prove. 

10. The diameter of a sphere is 20'h The radius of a small circle is 8". How far from 
the center of the sphere is the plane of this circle? 

11. The plane of a small circle of a sphere is 15" from the center. If the radius of the 
sphere is 17", what is the radius of the given circle? 

12. The diameter of a sphere is 30 cm. A plane bisects a radius perpendicularly. What 
is the area of the section determined by this plane? 

13. The radius of a sphere is 24 cm. How far from the center of the sphere must a plane 
be drawn in order to determine a small circle the area of which will be one-fourth the 
area of a great circle? One-half the area of a great circle? 

14. On a sphere of radius 12" the polar distance of a small circle is an arc of 60°. Find 
the polar distance in inches. 
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15. In Ex. 14 find the radius of the small circle. 

16. What is the locus of points which are at the same time d inches from a fixed point A 
and equidistant from two other points B and (7? Is the locus always possible? 

17. What is the locus of points which are 2" from the surface of a sphere the radius 
of which is 8'^? 

18. The radius of a sphere is 6". Two points A and B are each 11" from the center 
of the sphere. What is the locus of points which are at tlie same time 2" from the sur- 
face of the sphere and equidistant from A and J5? 

19. A and B are two points equidistant from the surface of a ^iven si)]iere, and the 
two points lie outside the sphere. Prove that the plane whicli bisects ])erpendiciilar]y 
the line-segment AB passes through the center of the .s[)liere. Is tliere a,ny material 
difference resulting in case A and B both lie within the sphere? 

20. The radius of a sphere is 4". O is the center. Point A is 12" from O. Wliat is the 
locus of points which are at the same time 6" from the spherical surface and ecpiidistant 
from 0 and A? 

190 - Theorem 54. 

If tw’O spheres intersect each other the intersection of their surfaces 
is a circle. (The plane of this circle is perpendicular to the line of 
centers, and the center of the circle lies on the line of centers.) 

Given: Spheres A and B intersecting each other. 
a and h are the respective radii. 



Prove: Intersection of the surfaces of A and B is a circle. 

(a) Let P be any point on the intersection of the surfaces. 

1) Draw PA, PB, AB; draw PC ± AB. Then PA = a, PB = b. Let AB d, 

PC - 2/j then CB = d — x. 

2) also, ^ - (d - xY = 6^ - + 2dx - (Ref. 13). 
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3) Hence, = ly^ — 2dx — (Ax. 1). 

4) ^ = and r/=v/a^-( ^ ) 

5) In step (4) the right members are each constant since a, b, d are each con- 
stant. X and y must each be constant, regardless of the selection of P 
(on the intersection) in the beginning. 

6) P must lie on a circle t which has a constant radius PC and a fixed center C 
on AB. 

(b) Let Q be any point on the circle t found in part (a). 

7) Draw QA and QB. Show that QA — a and that QB = h, and hence that Q 
lies both on sphere A and sphere B. Q must lie on the intersection of the 
surfaces of A and B. 

8) From (a): any point common to the surfaces of A and B lies on the circle t. 
From (b) : any point on t is common to A and B. .*. t is the locus of points 
which are common to the two spherical surfaces. 

9) the circle with radius PC and center C must be the intersection of the 
surfaces of the two spheres A and B. 

191. Theorem 55. 

The spherical distance between two given points on a sphere is the 
shortest distance between the two points, — distances being measured 
along the spherical surface. 

Given: A and B, any two points on sphere O. AB is the spherical distance. 

Prove: AB is the shortest path from A to B along the spherical surface. 

1) Let P be any point on AB. Let curve x be some path from A to B other 
than AB along the surface (Fig. 216-A). 

2) X cannot be the shortest path from A to P, for we can find a shorter path as 

follows (Figs. 216-P, 216-C): ^ ^ 

(a) With A and B as poles and AP and BP as polar distances draw two small 
circles cutting re at (7 and Z>. Let AC — y, DB = z, CD = w. 

(b) Now rotate circles A and B about their centers so that points C and D 
come together at P. Curves y and z will have changed their positions 
but not their lengths. Simultaneously, the piece w will have vanished; 
hence the original path ACDB is now lessened by the amount w. 

(c) path (y 4- z) is shorter than path (y+w + z); hence x is not the short- 
est path from A to B. 

3) We now have the conclusion: Any path which does not go through P cannot 
be the shortest path. We are assuming that there is a shortest path. There- 
fore, the shortest path fmm A to P, — whatever it is — ■ does go through P. 

4) But P is any point on AB. If any other points Q, R, S, T, etc., are chosen 
and treated in the same way, we find that the shortest path must pass 
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(C) 

Fig. 216 

through P, Q, P, S, T, . . . Henee by continuing this process indefinitely 
we find that the shortest path from A to B must pass through all the points 
of AB. ^ 

5) But all the points of AB constitute the arc AB itself. 

6) the shortest path^ from A to B along the surface of the sphere is the 
spherical distance AB. 

192. Tangents to a Sphere. A plane and a sphere are tangent to each other if 
the two have one and only one point in common. A line and a sphere are tangent 
to each other if the two have one and only one point in common. 

193. Tangent Spheres. Two spheres are tangent to each other if the two are 
tangent to the same plane at the same point. The terms ^‘tangent internally'^ 
and ‘tangent externally" are used as in the cases of tangent circles in Plane 
Geometry. It can be deduced that the surfaces of two tangent spheres have 
one and only one point in common. 
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194. Theorem 56. 

If a plane is perpendicular to a radius of a sphere at the outer end of 
that radius, the plane is tangent to the sphere. Conversely, if a plane 
is tangent to a sphere, it is perpendicular to the radius which is drawn 
to the point of contact. 


Part 1 

1) Let O be the center of the sphere, 

OT the given radius, plane 
M ±0T Bit T (Fig. 217). 

2) In M choose any point A (other 
than T), and draw OA. 

3) Show that OA > OT and hence 
that point A must lie outside the 
sphere. 

4) Hence, show that T is the only 
point which M and the sphere 
have in common. 

Fig. 217 

Part 2 

(Left as an exercise) 

195. Inscribed and Circumscribed Polyhedrons. A polyhedron is inscribed 
in a sphere (or the sphere is circumscribed about the polyhedron) if the vertices 
of the polyhedron lie on the surface of the sphere. 

A polyhedron is circumscribed about a sphere (or the sphere is inscribed in 
the polyhedron) if the faces of the polyhedron are each tangent to the sphere. 

196. Theorem 57. 

A sphere can be inscribed in or circumscribed about 

(a) any tetrahedron ; 

(b) any regular polyhedron. 

For a proof of (a) see Exs. 24, 25 of Group Twelve; §§ 134, 135. Assume 
(b) without proof. 



EXERCISES 
Group Eighteen 

1 . If a plane is tangent to a sphere, a line perpendicular to the plane at the point of 
contact must pass through the center of the sphere. Prove. 

2. If a plane is tangent to a sphere, a line from the center of the sphere perpendicular 
to this plane must pass through the point of contact. Prove. 
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3. At a given point on a given sphere there is one and only one plane which is tangent 
to the sphere. Prove. 

4- A plane M is tangent to a sphere O at a point A. Prove that any line in M con- 
taining A is tangent to the sphere. 

5. Two lines x and y are tangent to a sphere O at point A. Prove that the plane of x 
and y is tangent to the sphere. 

6. Two planes M and N intersecting each other in a line x are tangent to a sphere 0 
at points A and B, respectively. Prove that the plane oi A, O, B is peri)endicular to x. 

7. The radii of two spheres are respectively 6" and ^734", and the centers are 9" apart. 
Find the circumference of the circle of intersection. 

8. A sphere 0 is tangent to two parallel planes M and N at points A and B, resi)ectively. 
Prove that A, 0, B are collinear. 

9. Points A and B are 9" apart. What is the locus of points wliich are at the same time 
5" from A and 2 Vl3" from B? 

10 . The radii of two concentric spheres are respectively 10" and 13". A plane S bisects 
perpendicularly a radius of the smaller sphere. Find the area of that i)ortion. of S which 
is within the larger sphere but outside the smaller sphere. 

11. The radius of a right circular cone is 4" and the altitude is 4 V 3 ". A sphere is in- 
scribed in the cone. (A sphere is inscribed in a cone if it is tangent to the elements and 
to the plane of the base.) Find the radius of the sphere. 

12. In Ex. 11 what is the locus of points which are common to the spherical surface 
and the lateral surface of the cone? Find the actual length of this locus. 

13. Find the radii of the spheres which are respectively inscribed in and circumscribed 
about a regular tetrahedron one edge of which is 6". 

14. The radius of a sphere is 12". Find the volume of the regular tetrahedron which 
can be inscribed in the sphere. 

15. Three equal spheres of radius 10 cm. are tangent to one another-; and a fourth 
sphere equal to each of the first three is tangent to them. Find the altitude of tlie regular 
tetrahedron which has the centers of these spheres as its vertices. 

16. In Ex. 15 find the radius of the sphere which can be inscribed in the tetrtihedron. 

17. Point A is outside a sphere 0. Prove that all the lines which can he drawn from A 
tangent to the sphere are equal. What is the locus of the points of tangency? 

18. What is the locus of the centers of all the spheres which are tangent to a plane M 
at a common point A? Prove it. 

19- c is a circle. Any number of spheres is draw-n so that their surfaces all contain 
circle c. What is the locus of the centers of these spheres? 

20. If two spheres are tangent to each other their line of centers passes tlirough their 
point of contact. Prove. 

21. Prove that a sphere may be inscribed in or circumscribed about any given cube. 
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22. Find the radii of the spheres which are respectively inscribed in and circumscribed 
about a cube the edge of which is e. 

23. The radius of a sphere is r. Find the edge of the inscribed cube; the edge of the 
circumscribed cube. 

24. The radius of a sphere is 10'. A right circular cone has its vertex on the surface 
of the sphere and its base is tangent to the sphere. The radius of the cone is 10'. Show 
that the intersection of the spherical surface with the lateral surface of the cone is a 
circle. Find the radius of this circle. 

2.5. A regular square pyramid whose altitude is 4" is inscribed in a sphere of radius 3". 
Find the basal area of the pyramid. 

26. A sphere is circumscribed about an equilateral cone. If the radius of the cone is 
12", what is the radius of the sphere? (The angle of an equilateral cone is 60°. ) 

27. Do Ex, 26 assuming that the cone is circumscribed about the sphere. 

28. Find the radius of the sphere inscribed in a regular tetrahedron whose edge is 24'. 

29. AABC is right-angled at C, and AB is fixed in length and position. Wliat is the 
locus of point C? 

30. Two planes M and N meet in a line x. \\Tiat is the locus of the centers of the spheres 
w'hich are tangent to M and A’? 


197. Points on the Surface of the Earth. In Plane Analytical Geometry we 
customarily locate a point in a plane by giving its coordinates, that is, its dis- 
tances from two fixed perpendicular lines 
called coordinate axes. Any point on 

the surface of the Earth, — which for / j \ 

practical purposes is assumed to be a X / 1 \ \ 

perfect sphere of radius approximately / j \ 

4000 miles — is located by referring it to / j j 

two fixed great circles. | '''-Jo o) 

One of these great circles is the L j [ 

equator (e in Fig. 218). On e let A be ]o°! 

some fixed point. Let N and S be the *""1 

poles of e. Draw the great circle m de- \ } / >/ 

termined by the points N, A, 8 . Any j / 

great circle through N and 8 is called a 

meridimi circle; and the half of one of ^ 

these circles included between N and 8 

is usually called a meridiari. On the Earth circle ni is chosen so that it passes 
through Greenwich; and the meridian containing Greenwich is the Meridian of 
Greenwich or the 'prime meridian. The equator and the Aleridian of Greenwich 
are the two lines to w^hich any point on the Earth's surface is referred for loca- 
tion. N 8 is knowm as the axis of the Earth; N and ^ are respectively the north 
pole and south pole. As you view the diagram (Fig. 218) a direction to youi 
right from A along e is east; the opposite direction along e is west. 
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Longitude. Commencing at A and 
in each direction along c, divide the 
semicircles AF into one-degree arcs. 
Through the points of division draw 
meridian circles (Fig. 219). 

If = 20°, any point P on NBS 
is said to have a longitude of 20° east. 
Similarly, if AC = 42° any point Q on 
NCS has a longitude of 42° west. Longi- 
tude is always given with reference to 
the arc NAS which passes through 
Greenwich. 

What is the greatest number of de- 
grees of longitude which a point can 
have? 

Latitude. Select any meridian circle, oi 
say, at a point D (Fig. 220). Divide the 


N 



S 


Fig. 219 

e-half of which intersecd-s tlie cciuator, 
two quadrants DN and DS into one- 


degree arcs commencing at D. Through 
these points of division draw circles of 
the sphere whose planes are parallel to 
the plane of the equator. Each of these 
circles is a circle of latitude or a 'parallel 
of latitude. 

If DE — 15°, any point on the small 
circle u through E is said to have a lati- 
tude of 15° north. If DH - 76° 8', any 
point on the circle v through H has a 
latitude of 76° 8' south. Latitude is always 
given with reference to the equator. 

What is the greatest number of de- 
grees of latitude which a point on the 



Earth's surface can have? 


Fig. 220 


Obviously, if both the latitude and longitude of a point are known, the 
position of the point on the Earth’s surface is definitely determined. 

Nautical Mile and Knot. A nautical mile is defined as the length of one min- 
ute of are along the equator, that is, the length of one minute of aj-c of a great 
circle of the Earth. A nautical mile is approximately 6080 feet or 1.15 ordinary 
land miles. 


A hnot is a unit indicating rate of speed and means one- nautical mile vct Iio ut. 
Thus if a .ship sails at the rate of 15 knots, it is moving at the rate of 15 nautical 
miles per hour. 
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EXERCISES 

Group Nineteen 

1. Draw a diagram in which the equg-tor and the Meridian of Greenwich are indicated, 
On your diagram indicate points having the following positions: lat. 30° S, long. 62° E: 
lat. 90° N, long. 20° W; lat. 45° S, long. 0°; lat. 76° S, long. 180°; lat. 0°, long. 30° w! 
lat. 43° N, long. 70° W. 

2. Find the number of nautical miles between the north pole and any point on the 
ecjuator. 

3. Find the number of nautical miles between the north pole and a point P (lat. 19° 15' S, 
long. 84° W.) 

4. Given; A (lat. 47° 10' N, long. 72° W), B (lat. 20° 30' N, long. 72° W). Find the 
spherical distance AB in nautical miles. 

5. Given: A (lat. 0°, long. 8° E), R (lat. 0°, long. 46° 32' W). Find the spherical distance 
AB in nautical miles. 

6. A ship steaming due north at 20 knots is at a position (lat. 19° 12' N, long. 50° W) al 
6:00 A.M. on June 20. Find the ship’s position at 12:00 noon on June 22. 

7. Two ships A and B are at points P (lat. 48° 10' N, long. 32° W) and Q (lat. 22° S, long 
32° W), respectively. A can average 20 knots and B can average 28 knots. If A and E 
leave their given positions at 8:00 a.m. on September 10 and travel toward each other, 
when and where will they meet? Answer to the nearest minute. 
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198. Spherical Angle. A spherical angle is a figure on the surface of a s|)here 
composed of two arcs of great circles emanating from the same |)oint. The 
terms '‘vertex” and "sides” are used as in the case of ordinary plane angles. 

199. Measure of a Spherical Angle. Let ABC be any spherical angle 
(Fig. 221). At B draw BD and BE tangent to BA and 
BC, respectively. The measure of sph /.ABC is defined 
as the measure of Z DBE, — the angle between the two 
tangents. 

Thus, if ZDBE - 35", then sph ZABC = 35". 

A righi spherical angle is a spherical angle of 90", 

An acute spherical angle is less than 90"; an obtuse 
spherical angle is greater than 90" and less than 180". 

Two great circle arcs are perpendicular if they meet to 
form a right spherical angle. 

200. Theiorem 58. 

A spherical angle is measured by the are which it intercepts on that 
great circle which has the vertex of the given angle as a pole. 

^Given: Sph ZAPB. F is a pole of the great circle c. Sph ZP intercepts 
AB on c. 

Prove: Sph ZAPS ^ AB. 

1) Draw OA, OB, OP. ^ ^ 

2) At P draw PX and PY tangent to PA and PF, 
respectively. 

3) Show that sph Z APB = Z XPY = ZAOB = AB. 

201. Spherical Polygons, If a polyhedral angle 
(§ 166) has its vertex at the center of a sphere 0, 
its edges must pierce the spherical vSurface at some 
points A, F, C, D, . . . The faces of 0~AFFD ... 
cut the spherical surface in the great circle arcs 

124 




Fig. 222 
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AB, BC, CD, . . . The figure ABCD . . . thus formed on the surface of 
the sphere is called a spherical polygon (Fig. 223). 

The veHdces^i spherical polygon are the points A, B, C, D, . . the 
sides are AB, BC, CD, ... 

O-ABCD ... is the polyhedral angle corresponding to spherical polygon 
ABCD . . . 

A spherical polygon is convex or concave according as its corresponding poly- 
hedral angle is convex or concave (§ 166). Only the convex type will be con- 
sidered here. 




A spherical polygon is named in accordance with the number of its sides. 
A spherical triangle (Fig. 224) is a spherical polygon with three sides; and of 
course its corresponding polyhedral angle is a trihedral angle of the type presented 
in Chapter Eleven. A spherical quadrilateral has four sides, a spherical pentagon 
has* five sides, and so on. 

202- Two fundamental relations between a spherical polygon and its correspond- 
ing polyhedral angle are readily perceived: 

A. Each side of the polygon equals (in degrees) some face angle of the poly- 
hedral angle. 

B. Each angle of the polygon equals some dihedral angle of the polyhedral 

angle. ^ ^ 

(B is easily proved. For example, in Fig. 223 draw tangents to AB and AD 

from point A. The angle formed by these tangents is the measure of sph Z DAB 
by § 199; this angle is also the plane angle of dh ZD-OA-B.) 

203. In consequence of § 202 together with the material of Chapter Eleven we 
have the following important facts relating to spherical polygons and spherical 
triangles. Prove them as exercises. 

A. In any spherical polygon each side and each angle is less than 180°. 

B. In any spherical polygon the sum of the sides is less than 360° (§ 168). 
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C. In any spherical triangle the sum of two sides is greater than the third 
side (§167). 

D. In any spherical triangle the sum of the angles is greater than 180° and less 
than 540° (§ 169). 

204. Types of Spherical Triangles - 

A spherical triangle is isosceles if two of its sides are equal. 

A spherical triangle is right if it has at least one right angle. 

A spherical triangle is oblique if it is not a right triangle. 

205. Right Spherical Triangles. From § 203-D it is clear that a spherical 
triangle may have one, two, or even three right angles. If a triangle lias two 
right angles it is called hi-rectangular; if it has three, it is iri-rectangular. 

The following useful facts relating to right spherical triangles may be proved 
as exercises: 

A. If two angles of a spherical triangle are right angles, the sides opposite these 
angles are quadrants; and the third angle equals the third side. (Use §§ 68, 
9, Ref. 73, §§ 189, 200.) 

B. If two sides of a spherical triangle are quadrants, the angles opposite tliese 
sides are right angles; and the angle included by the two given sides is 
equal to the third side. (Use Ref. 73, §§ 10, 63, 184, 200.) 

0. The sides of a tri-rectangular spherical triangle are quadrants. 

D. If the sides of a spherical triangle are each quadrants, tlie triangle is tri- 
rectangular. 

E. In a spherical triangle, if a side and an adjacent angle are each equal to 90°, 
then the angle opposite the given side and the side opposite the given angle 
are each equal to 90°. 

EXERCISES 
Group Twenty 

1. Find the spherical distance in nautical miles between two i)oints on the Meridian of 
Greenwich whose latitudes are respectively 18° 30' N and 26° 30' S. 

2. Find the spherical distance in nautical miles between two points on the equator 
whose longitudes are respectively 10° W and 110° E. Find the same distance in ordinary 
land miles. 

3. Find the distance in nautical miles between A (lat. 72° N, long. 23° 10' W) and B 
(lat. 18° S, long. 23° 10' W). 

4. Find the distance both in nautical miles and in land miles betwx>en A (lat 30° N 
long, 40° E) and B (lat. 30° N, long. 20° W). 

5. The sides of a spherical triangle are arcs of 90°, 90°, 40°. Find the number of degrees 
in each angle of the triangle. If the radius of the sphere is 12", find the length of each 
side. 

6. The radius of a sphere is 12". The sides of a triangle on this sphere are Gtt", Gtt", 12". 
Find the number of degrees in each side and in each angle of the triangle. 

7. Can a spherical triangle have as angles: 80°, 60°, 40°? 90°, 90°, 80°? 120°, 70°, 50°? 
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8. Can a spherical triangle have as sides: 40°, 70°, 90°? 121°, 118°, 124°? 25°, 70°, 

100 °? 

9. Two sides of a spherical triangle are 115° and 126°. What is the greatest number of 
degrees possible for the third side? 

10. Can a sx^herical pentagon have as sides: 66°, 105°, 112°, 51°, 88°? 

11. Two angles of a spherical triangle are 40° and 130°. Between what two limits is 
the number of degrees in the third angle? 

12. Find the lengths of the sides of a tri-rectangular spherical triangle on a sphere of 
radius 8". 

13. On a sphere of radius 6 cm. two sides of a triangle are each Stt cm. and the included 
angle is 20°. How long is the third side? 

14- In a spherical A ABC, A — B = 90° and AB — 47r in. If the radius of the sphere 
is 14 in., find the number of degrees in AC, BC, C; find the lengths of sides AC and BC, 

15. From the center of a sphere of radius 20' three radii are drawn making an angle 
of 60° one with another. Find the perimeter (in feet) of the spherical triangle whose 
vertices are the outer extremities of these radii. 

206- Congruence and Symmetry. Two spherical polygons are congruent if 
they can be made to coincide. It is evident that two spherical polygons on the 
same sphere must be congruent if their corresponding polyhedral angles are 
equal. 

Two spherical polygons on the same sphere are symmetric if their corre- 
sponding polyhedral angles are symmetric. (See § 171.) As in the case of 



Fig. 225 

symmetric polyhedral angles, two symmetric spherical polygons are alike part 
for part, but they cannot be made to coincide because their respective sets of 
parts are arranged in opposite orders. (See Fig. 225.) 

Show that each of the following is true : 

A. Corresponding parts of congruent spherical polygons or of symmetric 
spherical polygons are equal. 



128 


SOLID GEOMETRY AND SPHERICAL TRIGONOMETRY 


B. Two spherical triangles are con- 
gruent if they are mutually equilat- 
eral, — corresponding parts being 
similarly oi'dered. (See §§ 202, 
173.) 

C. If two isosceles spherical triangles 
are symmetric they are also con- 
gruent. (See Ex. 8, Group Six- 
teen.) 

D. Two symmetric spherical triangles 
have equal areas. 

(In each triangle choose the point 
which is the nearer pole of the small 
circle determined by the vertices. See 
Fig. 226. Connect this point with 
each vertex by a great circle arc. 
Each triangle is now resolved into 



Fkj. 226 


three isosceles triangles. Show that‘ 
the three isosceles triangles in the one 
group are respectively symmetric to 
the isosceles triangles in the other 
group. Apply C.) 

In a compact course in Solid 
GeometiT §§ 207-209 be omitted 
without any serious loss. These sections 
together with the exercises of Group 
Twenty-one, however, are of funda- 
mental importance in the work of 
Chapters Fifteen, Sixteen, Seventeen, 



Eighteen (Spherical Trigonometry). 


207. Polar Triangle. Let AABC be 
an^^ spherical triangle. Draw a second 
spherical AA 'B'C' the sides of which 
have points A, B, C, respectively, as 
poles (Fig. 227). Letter AA'B'C' so 
that A is the pole of a', B is the pole of 
b\ C is the pole of cL The spherical 
AA^B'C so constructed is called the 
polar triangle of AABC. 

Note that the polar txiangle does 
not necessarily envelop the given tri- 



angle, but may lie within it (Fig. 228), 


Fig, 228 
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or it may intersect the given triangle 
(Fig. 229). The size and position of the 
polar triangle depend upon the size and 
shape of the given triangle. 


208. Theorem 59- 



Fig. 229 


If a spherical triangle XYZ is polar to a spherical triangle ABC, then 
reciprocally the triangle ABC is polar to triangle XYZ, 


Given: sph AXYZ polar to sph AABC (Fig. 230). 

Prove: sph AABC is polar to sph AXYZ. ^ 

We must show that X i^a pole of^J5C, F is a pole of CA, Z is a pole of AB, 

1) Draw great circle arcs and XC. 

2) C is a pole of XY. XJ^ = 90°, ^ is a pole of ZX, r. XB == 90°. 

3) X must be a pole of BC (§ 1^). ^ 

4) Similarly, F and Z are poles of CA and AB, respectively. 

5) .*. sph AABC is polar to sph AXYZ (§ 207). 





Fig. 230 Fig. 231 


209. Theorem 60. 


If two spherical triangles are polar to each other any angle of one 
triangle is supplementary to the opposite side of the other triangle. 

Given: sph AABC and sph AA’B‘C‘ polar to each other (Fig. 231). 

Prove: A A a' ^ 180°, B A h' ^ 180°, C Ad ^ 180°; + a = 180°, 

jB' + 5 - 180°, C' A 180°. 
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1) Extend h and c to cut a' at H and T, respectively. 

2) A^HT (§200). 

3) - 90° (C' is a pole of c) 

HE' - 90° is a pole of b) 

4) /. ^ + HB' = 180° 

5) or HT -h C^B' 180° 

6) or A 4- a' 180° 

Complete the proof. 

EXERCISES 

Group Twenty-one 

1. The sides of a spherical triangle are 30®, 80®, 100®. Find the angles of the polar 
triangle. 

2. The angles of a spherical triangle are 40®, 70®, 120°. Find the number of degrees 
in each side of the polar triangle. 

3. On a sphere of radius 10" the angles of a triangle are 60®, 90°, 135®. Find the perim- 
eter (in inches) of the polar triangle. 

4. Describe the size, shape and position of the triangle which is polar to a given bi- 
rectangular spherical triangle. 

5. State the condition or conditions under which: (a) a given si)heri(;al triangle and its 
polar triangle coincide; (b) the polar triangle completely envelops the given triangle; 
lies within the given triangle. 

6. Making use of § 209 deduce the fact that the sum of the angles of any spherical tri- 
angle is greater than 180° and less than 540°. 

7. Using §§ 209 and 203-C prove that in any spherical triangle ABC: 180° + C > A + i?; 
180° + J5 > A 4 C; 180° 4 A > ^ 4 C. 


8. In a sph AABC, b ^ c. Prove: B = C. (See Fig, 232. Draw 
median AikT, i.e., draw AM to bisect BC, Use §§ 206~A, B.) 

B 

a 

Fig. 232 

9. On any sphere two spherical triangles are congruent if two sides and the included 
angle of one respectively equal two sides and the included angle of the other, — all cor- 
responding parts being similarly ordered. Prove. (Draw corresponding triliedral angles.) 

10. On any sphere two spherical triangles are congruent if two angles and the included 

side of one respectively equal two angles and the included side of the other, — all cor- 

responding parts being similarly ordered. Prove. 

11. In a sph A ABC, B C, Prove: b — c. (Draw the polar triangle. Use §209 

and Ex. 8.) o o 
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12. On any sphere two spherical triangles are congruent if they are mutually equiangular, 
— all corresponding parts being similarly ordered. Prove. (Draw the polar triangle 
for each of the given triangles. Use §§ 209, 206-B,) 


13. In a sph AABC, A > B. Prove: a > b. (In 
the triangle draw AD to a so that ZDAB = ZB.) 

14. In a sph AABC, a > b. Prove: A> B. (Draw 
the polar triangle.) 


C 



Fig. 233 


15. Prove that the arcs which bisect the angles of a spherical triangle are concurrent. 
(Use the corresponding trihedral angle.) 


16. In Ex. 15 show that if from the point of intersection of the angle bisectors arcs are 
drawn perpendicular to the sides of the triangle, these arcs are equal. 

17. Prove that if arcs are drawn to bisect perpendicularly the respective sides of a 
spherical triangle, these arcs are concurrent at a point whose spherical distances to the 
three vertices are equal. 


18. Prove that the medians of a spherical triangle are concurrent. 


OTHER FIGURES ON THE SURFACE OF A SPHERE 

210. Lune (Fig. 234). A lime is a spherical figure bounded by the semi-cir- 
cumferences of tw'o great circles. In Fig. 234, ACBDA is a lune. The angle A 
or the angle B is the angle of the lune. 




211. Spherical Degree (Fig. 235). A spherical degree or unit triangle is a 
spherical triangle the angles of which are, respectively, 90^, 90°, 1°. 

It follows at once (§ 205~A) that two of the sides of a spherical degree are 
quadrants. Hence, a spherical degree is actually one-half of a l°-lune. There- 
fore, on any sphere there are exactly 720 spherical degrees. 
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212, Dome or Zone of One Base (Fig. 236). li an arc AB of a great circle on 
a sphere is rotated about a diameter AC, AB generates a dome or zone of one 
base. 

The point B generates a circle of the sphere; and this circle together with 
the plane surface bounded by its circumference is the base of the zone. The 
altitude is the perpendicular distance (AD) between A and the plane of the base. 
The arc AB is the generating arc, and the chord AB is the generating chord. 
Obviously, any circle of a sphere divides the entire surface into two domes. 


A 



Fig. 236 


C 



213. Zone of Two Bases (Fig. 237). If an arc AB of a great circle rotates 
about some fixed diameter which does not meet AB, the arc AB generates a zone 
of two bases. 

The bases are the circles generated by points ,1 and B (together with the 
plane surfaces bounded by the circumferences of these circles). The altitude is 
the perpendicular distance between the bases. The terms generating arc and 
generating chord are used as in the case of a dome. 

A zone of two bases is that portion of the surface of a sphere which is in- 
cluded between two parallel circles of the sphere. 

The flrea of a zone, either of one base or of two bases is the area of that 
portion of the spherical surface belonging to that zone. 
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214. Theorem 61. 

The area* of a sphere of radius r, — area being taken in ordinary 
square units, ~ is 47rr2. ^ ^ 

In order to avoid some confusion, separate the proof into two parts, the 
first part being a preliminary development necessary to the second. 

(a) Fig. 238 

Given: A line-segment m above a line XY. u is a line bisecting m perpendic- 
ularly and meeting XF at D. 
p is the projection of m upon XY. 



Prove: If m is rotated about XY the. area of the surface generated by m is 
2Tr up. 

1) From C drop h ± XY, meeting XY at E. 

Extend m to meet XY at F. Let ZDFA = 6. 

Then ZDCE - d (Ref. 41-ii). 

2) As m rotates it generates the lateral surface of a frustum of a right circular 
cone, h is the radius of the mid-section. Therefore the area, k, generated 
by m is 27r/im. (See Ex. 1, Group Fourteen.) 

* ‘‘Area/' of course, means “surface area.” See § 181. 
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3) But m ~ p sec d, and h ~ u cos 6. 

4) k = 27 r(u cos 6)(p sec 6) == 2Trup(cos d)(sec S) = 27rup(l) = 27rup 

(b) Fig. 239 

If a quarter-circle of radius r is rotated about a fixed radius 0/1, BA will 
generate th^urface of a hemisphere. 

Divide BA into any number of equal arcs. Draw the chords of these arcs. 
From 0 draw perpendiculars to these chords. These perpendiculars (u) are 
equal and bisect the chords. OE, EF, ... 
are the projections of these chords upon OA. 

Now rotate BA about OA. From (a) 
the areas generated by the chords are: 

ki “ 2Tru • OE, hi — 2tcu • EFj kz = 2Tru • FA . 

/c, the area of the entire surface 
generated by broken line BCD A, is 

2tu • OE + 2Tru • EF -+• 27rw • FA = 

27ru(0E + EF + FA) = 27ru}\ 

Increase the number of divisions on 
BA indefinitely, k will approach H, the 
area of the hemisphere. Simultaneously, 
u w'ill approach r as a limit. Since the 
variables k and 2Trur are always equal we 
have: H — 27rrr == 27rr-. (See Ref. 91.) 

.*. S, the area of the whole sphere, is HlTr/*- 
215. Theorem 62. 

The area of a zone (either of one base or of two bases) is tiie product 
of the circumference of a great circle and the altitude of tlio zone. 

S = 2x77/. 



The proof for the area of a zone of one base is 
similar to that for § 214. 

For a zone of two bases, express the area of the 
required zone as the difference of the areas of two 
domes, one having an altitude .t + //, the other 
having an altitude x (Fig. 240). 



Fig. 240 
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216. Theorem 63. 


The area of a lune the angle of which is is found by taking 
the area of the sphere. 

For example, if the angle of a lune is 30° it is obvious that 12 of these lunes 
would comprise the entire spherical surface since 12 X 30 = 360. That is, the 
area of the lune must be or the area of the sphere. This theorem will be 
assumed without proof. 

217. Spherical Excess {E). The spherical excess of a spherical triangle is the 
number which represents the amount by which the sum of its angles exceeds 
180°. Thus, if the sum of the angles of a given spherical triangle is 342°, its 
spherical excess is the number 162. 

The spherical excess of a spherical polygon of n sides is the number which 
represents the amount by which the sum of its angles exceeds (n -- 2) 180°. 
Thus, if the sum of the angles of a spherical hexagon is 850°, the spherical excess 
is 850-4(180) or 130. 

Spherical excess is to be regarded as a number, and is usually represented 
by the letter E. 

218. Theorem 64. 


The area of a spherical triangle in spherical degrees is E. If r is the 

E 

radius of the sphere the area in ordinary square units is 

loU 


Given, Sph AABC on sphere of ra- 
dius r. 

Nos. of degrees in the angles 
are A, B, C, respectively. 
E= A + B + C- 180. 

K — area in spherical degrees. 
S = area in square units. 

Prove, (a) K = E; (h) S = 

(a) Area in spherical degrees. 

1) Extend each side of AABC so as to 
form three complete great circles. 
Let the three additional intersections 
be points A', C' (Fig. 241). 

2 ) Li 

3) But the symmetric triangles 

4) Lx = ' 

5) L2 



lune ABA'CA = AABC + AA'BC = K A- AA'BC. 

A'BC and AB'C' are equal (§ 206-”D). 

K + AAB'C'. 

lune BCB'AB = AABC A- AAB'C - A + AAB'C, 
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6 ) 

7) 


8 ) 

9) 

10 ) 

11 ) 


12 ) 

13) 

14) 


Lz = lune CAC'BC = AAiJC + AAfiC' = K + AABC . 

Adding: L, + Ls + Ls = 3Zv + AAB'C + /AAB'C + AABC 

= 2K + {K + AAB'C + AAB'C + AABC) 

= 2K + the top hemisphere 
= 2A' + 360 (See §211). 

But Li=g— (720), L» = ~(720), Lz £^(720) (§§216,211). 
or Iji ~ Z/o = 2i5, 

Substituting in (7) : 2A + 2B + 2C = 2/v 4- 360 
or AAB-\-C = KA 180. 

z: - 24 + + C - 180 = E. 


(b) Area in square units. 


One spherical degree = of the spherical surface == 
From (a), AABC contains E spherical degrees. 


720 


47rr- = 


ISO ^ 




180 


219. Corollary A (Th. 64). 


The area of a spherical polygon in spherical degrees is E. The area in 
E 

square units is 

loU 


Draw diagonals from one vertex and thus resolve the given polygon into 
(n — 2) spherical triangles. Remember that for a spherical polygon E = sura 
of angles — (n ~ 2)180. Now apply § 218 and add the results. 


EXERCISES 
Group Twenty-two 

1. Prove that the areas of two spheres are to each other as the squares of their radii 
or the squares of their diameters. 

2. Prove that the area of a dome is equal to the area of a circle the radius of which is 
the generating chord of the dome. 

3. On a given sphere any two zones are equal if they have equal altitudes. Prove. 

4. On a sphere of radius 20" find the area of a dome of altitude 8". What fractional 
part of the entire surface of the sphere does this dome comprise? 

5. What is the altitude of a dome which comprises one-third of the area of a sphere 
the radius of which is 8"? 
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6. The radius of a spherical globe is 12". A source of light outside the globe is 12" from 
the surface. Find the area of the surface which is illuminated. 

7. In a problem similar to Ex. 6 what fractional part of the spherical surface is illumi- 
nated if the source of light is at a radius' distance from the surface? 

8. Theoretically how many miles above the Earth's surface must an observer be in 
order to see exactly one-twentieth of the Earth's surface? 

9. The radius of a sphere is r". A source of light outside the sphere is n" from the sur- 
face- Show that the number of square inches of spherical surface illuminated is given 

by the formula K = 

r n 

10. On a sphere of radius n cm. the generating arc of a dome is 120°. Find the area 
of the dome. 

11. On a sphere of radius 8" the radius of one base of a zone of two bases is 8", and 
the generating arc is 45°. Find the area of the zone. 

12. On a sphere of radius 25" the radii of the bases of a zone of two bases are respectively 
7" and 24". Find the area of the zone. Is there more than one answer possible? 

13. On a sphere of radius 6" the plane of the greater base of a zone of two bases is 3" 
from the center of the sphere. The generating arc is 30°. Find the area of the zone. 
Is there more than one answer? 

14. On a sphere of radius 26" the radii of the bases of a zone are each 10". Find the area 
of the zone. 

15. On the Earth the North Temperate Zone is bounded by the parallels of latitude 
30° N and 60° N. Find the number of square (land) miles in the North Temperate 
Zone. 

16. On a sphere of radius r inches the area of a zone of two bases is 348 square inches. 
The altitude of the zone is 6 inches. Find r. 

17. Two planes cut a sphere of radius 12", and are each perpendicular to a diameter AB, 
Find the lengths of the segments intercepted on AB if these planes divide the surface 
of the sphere into three equal parts. 

18. On a sphere of radius 6" find the area of a 20° lune. 

19. On the Earth's surface find the number of square (land) miles contained in one 

spherical degree. 

20. How many square miles of the Earth's surface are bounded by the Meridian of 
Greenwich and the meridian 70° W? 

21. Find the number of degrees in the angle of a lune the area of which is 21 square 
inches if the area of the sphere is 189 square inches. 

22. On a sphere of radius r cm. the area of one spherical degree is 0.5 sq. cm. Find r. 

23. On a sphere of radius 4" find the area (in square inches) of a tri-rectangular spherical 

triangle. What is the area in spherical degrees? 

24. Wliat fractional part of the surface of a sphere is contained in a spherical triangle 
whose angles are 60°, 80°, 150°? What part of the area is contained in a spherical hexagon 
whose angles are 100°. 120°, 98°, 127°, 175°, 168°? 
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25. On a sphere of radius 8' find tlie area both in scjuare feet and in sj)lierieal degrees 
of a spherical triangle whose angles are 70°, 70°, 60°. 

26. On a sphere of radius 24" find the area (sq. in.) of a spherical triangle whose angles 
are 110°, 120°, 135°. 

27. Find each angle of an equiangular spherical triangle which conii)rises one-twenty- 
fourth of the area of its sphere. 

28. The angles of a spherical triangle are proportional to the nuinlxu-s 3, 4, 5. Tlie area 
of the triangle is 277 r sq. in. The radius of the sphere is 9". Find eacli angle of tlie 
triangle. 

220. Assumption. If a pob^hedron is inscribed in or circiimscrilied aliout a 
sphere, and if the number of faces of the polyhedron is allow(‘d to become 
infinite, the area of the polyhedron aioproaches the area of thc^ splicu-e as a limit, 
and the volume of the pol^yhedron approaches the volumes of the spliere as a 
limit. 

221. Theorem 65. 

The volume of a sphere of radius r is fTrr^. 

Given: Sphere of radius r, center O. S = area; V ~ volume. 

Prove: V = f Trr^. 

1) Circumscribe a polyhedron about the 
sphere. For the polyhedron let K — the 
area, IF = volume. 

2) From each vertex of the polyhedron draw 
a line to O. The polyhedron is now seen 
to be composed of a number of pyramids 
whose bases are the faces of the polyhedron, 
and whose altitudes are each equal to the 
radius of the sphere (§ 194). 

3) The volume of any one of these pyra- 
mids such as O-ABC in Fig. 242 is 
- 3 -r(area AABC). Hence the sum of the 
volumes of all these pyramids is §r(sum of 
areas of faces). That is, IF = ^rK. 

4) Let the number of faces of the polyhedron become infinite. Then K —> S 
and IF F (§ 220). The quantity -J-r remains constant. 

5) the limits V and ^rS must be equal (Ref. 91). 

6) F-inS. 

7) But S = 47rr2 (§ 214). 

8) F = ^7rr®. 

Note: It is sometimes advantageous to recall that the volume of a sphere 
is one-third the product of its radius and area. (See step 6 in the proof.) 
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222. Spherical Pyramid (Fig. 243). Let ABCD ... be any spherical poly- 
gon on a sphere O. Draw OA, OB, OC, OD, . . . The solid 0-ABCD . . . 
is a spherical pyramid. The base is the spherical polygon ABCD . . .; the 
vertex is O, the center of the sphere. 


E 



Fig. 243 Fig. 244 

223. Spherical Wedge (Fig. 244). The solid bounded by a lune and the 
planes of the sides of the lune is a spherical wedge. (It is assumed that these 
planes are not extended beyond the diameter which connects the vertices of the 
lune.) The base of the wedge is the lune itself. 

224. Spherical Sector (Fig. 245). Let BOC be a sector of a great circle of a 
sphere 0. Revolve sector BOC about a fixed diameter AD. Sector BOC gener- 
ates a solid which is called a spherical sector. The base is the zone traced by 
the arc BC. The vertex is 0, the center of the sphere. The angle of the sector 
is the angle BOC. 



Fig. 245 Fig. 246 


225. Spherical Cone (Fig. 246). Let c be a circle of a sphere 0. The solid 
composed of the cone having 0 as its vertex and circle c as its base together 
with the solid bounded by the plane of c and the smaller dome having c as 
base is a spherical cone. The base is the dome. The vertex is O. 
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226. Spherical Segment (Fig. 247). A spher- 
ical segment of one base is the solid bounded b\' 
a dome and the base of the dome. The terms 
'‘'base^^ and “altitude^’ are employed as in the 
case of domes. The radius of the segment is the 
radius of its base. 

A spherical segment of two bases is the solid 
bounded by a zone of two bases and the planes 
of the two bases. 

Fi<;. 247 

227. Theorem 66. 



pyramid 



The volume of a spherical ■ 

wedge 

sector 

' is one-third the 

product of the 


[ cone 



area of its base and the radius of the i 

sphere. 

T' = |frr. 


(a) Volume of Spherical Pyramid (Fig. 248). 
Given: Sph pyramid 0-ABCDE. 
r = radius of sphere. 

V — volume. 
b — area base. 





Fig. 248 


Prove: V = ^hr. 

Imagine a polyhedron circumscribed about the sphere. Now select merely 
that portion of this polyhedron which is intercepted by the polyhedral angle 
0-ABGDE, Concentrate only upon this portion of the polyhedron; discard 
the rest of it. 
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We now have a more or less irregular solid (call it P) whose surface is: 
(i) the faces oi polyhedral angle 0—ABCDE, and (ii) that portion of the surface 
of the original polyhedron which has been intercepted by the polyhedral angle. 
Let K = the area of the surface mentioned in (ii) ; let W = the volume of P. 

As in § 221, draw lines to O, dividing P into a number of pyramids having O 
as a common vertex, r is the altitude of each pyramid. 

As in § 221, show that W = JrA. 

Let the number of these pyramids become infinite. Then W F and K~^b. 
By Ref. 91 obtain: V — J6r. 

(b) Wedge, Sector and Cone 

To obtain the volume formulas for each of the other three solids, draw great 
circle arcs on the base, pass the necessary planes through these arcs and the 
center of the sphere, and thus resolve the solid into a number of spherical 

pyramids. Apply part (a), and add the results. Obtain: V = 

228. Theorem 67. 

In a sphere of radius r the volume of a segment of one base having an 
altitude h and a radius a is given by either of the two formulas: 

r = ~h"-i3r -h) or T' = f A (Sa^ + h^) . 

Given: Segment of one base. 
h = altitude. 
a == radius. 
r — radius of sphere. 

V = volume. 

Prove: Formulas stated above. 

1) Draw the spherical cone of which this seg- 
ment is a part. 

2) Vol. sph. cone = ^(base)-r. 

3) But area base = 2irrh. 

4) Vol. sph. cone = %7rPh. 

5) Altitude of right circular cone in figure is 
r ^ h. Radius of this cone == Vh{2r — h) (Ref. 12-ii.) 

6) Vol. cone = ^'irh(2r -- h)(r — h) — ^h(2r^ — Zrh+ h^) 

= ^TTph — Trrh^A 

TT 

7) V = vol. sph. cone — vol. cone — h) 
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8) From the figure, aP- — h(2r — h) (Ref. 12-ii). 

9) Solving for r: r = 

10) Substitute result in formula obtained in step 7: 

V = + h^). 

Note: It is quite possible to derive volume formulas for a spherical segment 

of two bases. One such formula is V 36“ H- //“), where a and 6 are 

the radii of the bases. In practice, however, it is advisable to ol)tain the volume 
of a given segment of two bases by treating it as the difference of iht' \a)himes of 
two segments of one base. (Compare with the metliod for deriving formula for 
area of a zone of two bases in § 215.) 

EXERCISES 

Group Twenty-three 

1 . The volumes of two spheres are to each other as the cubes of their radii or the (Mil>es 
of their diameters. Prove. 

2. Find the area and volume of a sphere of radius 6". 

3. Assuming that the Earth is a perfect sphere of radius 4000 miles, compute the number 
of square miles in the Earth’s surface. What is the volume? 

4. The volume of a sphere is 1134- cu. in. Find the area. Let tt = ^ 7^. 

5. The area of a sphere is 2464 sq. in. Find the volume. Let tt = 

6. Find the radius of a sphere for which the number of cubic, units of volume is the 
same as the number of corresponding square units of area.. 

7. The areas of two spheres are respectively 9 and 64. Wliat is tlie ratio of tlioir radii? 
their volumes? 

8. The volumes of two spheres are respectively 27 and 125. Wliat i.s the ratio of tlieir 
areas? What is the ratio of their areas if their volumes are res|)ectively v and a;? 

9. The radius of one sphere is 3 times that of a second, and tlie sum of tlieir volumes 
is IOOStt cu. ft. Find the radius and the area of each s|)here. 

10 . The area of one sphere is k times that of a second. What is the ratio of the volume 
of the first to that of the second? 

11. The radii of three spheres are proportional to the numbers 1, 2, 3. Tlie sum of 
their areas is 3584 sq. in. Find the radius and volume of each sphere. 

12. The angles of a spherical triangle are respectively 75°, 95°, 100°, and the area is 
1627r sq. ft. Find the volume of the sphere. 
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13. Find the volume of a spherical wedge the base of which is a 30° lane. The radius 
of the sphere is 10". 

14. The radius of a sphere is 50". The radius of the base of a dome which forms the base 
of a spherical cone is 14". Find the volume of the spherical cone. 

15. Find the volume of a spherical segment of one base if the altitude is 6" and the 
radius of the sphere is 18". 

16. The radius of a spherical segment of one base is V^" and the altitude is 3". Find 
the volume of the segment and the volume of the sphere. 

17. The radius of a sphere is 34". The radius of the greater base of a segment of two 
bases is 30". The altitude is 14". Find the volume of the segment. 

18. The radii of the bases of a segment of two bases are respectively 40" and 48", and 
the altitude is 16". Find the volume of the segment. Find the volume of the sphere. 

19. The base of a spherical sector is a zone of two bases. The altitude is 4". The radius 
of the sphere is 20". Find the volume of the spherical sector. 

20. The radius ciix^e 0 16". AB — 90°. On arc AB points C and D are taken 

so that AC = CD == DB. CD is revolved about the radius OR. Find the volume of 
the spherical sector which has 0 as its verte.x: and which has as a base the zone generated 

by CD. 
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COLLECTED FORMULAS. SOLID GEOMETRY 
Ket to Symbols 


2? s=s area of base 
p — perimeter of base 
t = perimeter of right section 
e == element or lateral edge 


h — altitude 
/ = slant height 
r == radius 

a = radius of segment of one base 



Lat. Area 

Total Area 

\Y)lunie 

Prism 

t • e 

2b -j- t • e 


Right Prism 

P * h 

2b + p ‘ h 

b . h 

Cylinder 

t • e 

2b t ' 6 


Rt. Circ. Cylinder 

27rrh 

27rr- 4- 27rrh 

irrVi 

Cylindrie Solid 



h • h 

Pyramid 

Reg. Pyramid 

ip ■ f 

b ip ■ S 

ib ■ h 

Frustum Pyramid 

Frust. Reg. Pyramid 

iipi 4- P2)/ 


1 (61 + h.> + 

Cone 



ib ■ h 

Rt. Circ. Cone 

Trr • e 

Trr- 4“ Trre 

^TrrVi 

Conic Solid 



ib ■ h 

Frustum Cone 



(61 4“ ^2 4" ^biho) 

Frust. Rt. Circ, Cone 

i(Pi + Pi)e 


Sphere 


4 Trr- 

^7rr^ 

Zone 


27rrh 


Lune (of n^) 




Spherical Degree 




Spherical A or 

Sph. Polygon 


E sph. degrees or 

Trr- sq. units 


Sph. Pyramid 

Sph. Wedge 

Sph. Sector 

Sph. Cone 



ihr 


Sph. Segment (1 base) 



^ A“(3r — K) or 

1 + h‘) I 
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MISCELLANEOUS SUPPLEMENTARY EXERCISES 
Group Twenty-four 

1. The volume of a certain solid is 72 cu. in., and its total area is 160 sq. in. Find the 
total area of a similar solid the volume of which is 9 cu. in. 

2. On a sphere of radius 3" the area of an equiangular spherical triangle is Gtt sq. in. 
Find the number of degrees in each angle of the triangle. 

3. Do Ex. 2 assuming that the spherical triangle instead of being equiangular has angles 
which are proportional to the numbers 5, 7, 9. 

4. The radii of two intersecting spheres are respectively 10" and 7.5", and their centers 
are 12.5" apart. Find the area of the circle of intersection of the spheres. 

5. Find the volume of the cube which can be inscribed in a sphere the area of which 
is 4327r sq. in. 

6. Find the volume of the solid generated by revolving about one of its sides an equi- 
lateral triangle one side of which is 8". 

7. The edges of a rectangular solid are respectively 4V3", 4", 6". Find the length of 
a diagonal of the solid. 

8. Describe the locus of points which are at the same time equidistant from two inter- 
secting planes M and N and at a iSLxed distance from a fixed point P which is not in 
either plane. 


D 

9. The lateral edges of a triangular truncated prism 
(§ 87) are each perpendicular to the plane of the 
base. DA = 15", EB = 9", FC = 18", AB = 8", 

BC = 15", AC — 17". Find the volume of the solid 
(Fig. 250). 


B 

Fig. 250 


10. A container is in the form of a hollowed out 
frustum of a regular square pyramid. EF = 40", 
AB = 20", altitude = 24". The walls and base of 
the container are uniformly 6" thick. Find the 
amount of material used in making the container. 
Find the capacity of the container (Fig. 261). 


A B 

Fig. 251 
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Group Twenty-fwe 

1 . An edge of a regular tetraliedron is 20'L Find the area of a inid-section (iJat’allel to 
one of the faces). 

2. Two liiie-seginents s and t are each 12" long and a!*e eveiy where (>" apart. I)escril)e 
accurately the locus of points which are at the same time equidistant from .s and t and 
5" or less tlian 5" from s. 

3. On a sphere of radius 7" find the area of a zone of two l)a,ses if tlie altitude of the 
zone is 2". 

4. Find the number of unit triangles (si)herical degrees) in a lun(‘ of 40°. 

5. Find the number of square inches of area in a, spheric'al degree? on a. splu're of radius 3". 

6. Find the altitude of a triangular i)yramid in wliich each l)asal edge^ is 12" and ea,cli 
lateral edge is V 129". 

7. Find the volume of the jiyramid of E.v. 0. 

The bawsal edges, of a right prism are respectively 23,4", 42.7", 53.5". The i)rism is 
triangular. The altitude is such that a s{)here may be inscril)(?d in the {)rism. Using 
logarithms find to four significant figures the volume of tlu^ ins(‘rib(?d s|)}u‘re and the 
volume of tlie prism. 

9. Each edge of a I'egular octaliedron is c. Prove that the \'<)lum(‘ is \ 

3 

10. Three line-segments, not necessarily equal, are mutually p(?rpendicular. If Od, 
OB, OC are the segments, tmd if OP is peri)endicular to the i)lane of A, B, C, prove that 
P is the orthoeenter of the triangle A BC. 

Gron p Ihventij-sLr 

1. Two sides of a spherical triangle are eacli 90° and the inchuled angle is 40°. Find 
the area of tlie triangle (sq. in.) if the volume of the spliere is 2S87r cu. in. 

2. In a sphere of radius 12" find the volume of a siiherical wedge the liase of which is 
a 15° lime. 

3. Find the volume of a frustum of a right circular cone if the altitude of the frustum 
is 12" and the radii of tlie bases are respectively 10" and 19". 

4. Find the lateral area of tlie frustum of 3, 

5. Find the total area of the circular cone which can lie inscrilied in a regular* tetra- 
hedron one edge of wliich is 0". 

6. The base of a certain cone is two-thirds the base of a certain (cylinder; and tlie volume 
of the cone is four-fifths the volume of the cylinder. Comiiare tlie altitudes of the two 
soli els - 

7. AABC has a == 7", h = 5", c = 4". Side a is parallel to a plane ilf, and the plane 
of A ABC makes an angle of (50° witli M. Find the area of the projection of A ABC 
upon M. 

3. Between wliat limits must tlie sum of the dihedral angles of a ti*iherh*al angle always 
lie? Prove your answer. 



MEA&Um^ENT OF THE SPHERE 


147 


9. A cone is completely filled wdth ice cream and enough more ice cream is added to 
the top so that tlie wliole assumes the shape of a spherical cone. The spherical radius 
is 5" and the altitude of the dome which forms the base is 0.2". Find the total amount 
of ice cream. (Neglect the thickness of the wall of the ice cream cone itself.) 

10. Find the number of culuc inches of metal in the wall of a spherical metal shell if 
the wall is uniformly 1" thick and if the inner radius is 15". 


Group Tumity-seven 

1. In a spliere of radius 0" tlie base of a spherical pyramid is a spherical pentagon the 
angles ol wliitdi are 80®, 100°, 104°, 13G°, 150°. Find the volume of the spherical pyramid. 

2. Tlie slant heiglit of a right circular cone C is 10 times the radius of its base. The 
total area is tlie same a,s tliat of a certain sphere 7\ Find the ratio of the volume of C 
to tliat of 7\ 

•5. Tlie total area of a cube is 72 sq. in. Find the volumes of the imscribed and circum- 
scrilied spheres. 

4. In a pyramid V-ABC, Vxi = 8", VB ^ 6", VC = 5". A plane M cuts VA at D, 
VB at E, VC at F. VD = 4", VE = 5", FF — 2". If the volume of V-ABC is 48 cu. 
in., find the volume of V~DEF. 

5. The radius of a sphere is 10". A plane M cuts the sphere and bisects a radius per- 
pendicularly. Find the i)olar distance (in inches) of the circle of the sphere determined 
by plane M. 

6. Two lines s and t intersect at A. Describe accurately the locus of points which are 
at the same time equidistant from s and t and 5" from A. 

7. All the edges of a regular hexagonal prism are equal. The volume is 12V3 cu. in. 
Find the altitude. 

8. Diameter AB of a certiiin siihere is 6". Two planes each perpendicular to AB cut 
the sphere so as to divide the volume into three equal parts. Find the lengths of the 
segments intercejited on AB by these planes. 

9- The l)a,se of a c'one is a circle of radius (3". A and J5, two points on the circumference 
of tiiis cir(de, determine an arc of 90°. V is the vertex of the cone; the altitude is 15". 
A plane containing K, A, B is drawn. Find the volumes of the t\^'o solids into which 
this plane divides the given cone. 

10. By definition, the three conditions for a regular polyhedron are: (a) faces are regular 
polygons, (1)) faces are (;ongruent i)olygons, (c) polyhedral angles are equal. 

By giving an a{)pro|)riate illustration in each case, show that if any two of the above 
conditions liold true in a given polyhedron, then the third condition does not necessarily 
hold true, and hence the given polyhedron is not necessarily regular. 


Group Twenty-eight 

1. Two angles of a spherical triangle are respectively 80°, 92°. The area of the triangle 
is 4x sq. in., and the radius of the sphere is 6". Find the third angle of the triangle. 

2. Each element of a circular cone is 15", and the lateral area is 105x sq. in. Find the 
area of an axial section. 
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3. Find the complete length of the locus of points whicli are ()" from ench of two fixed 
points which are 8" apart. 

4. Find the number of degrees in each dihedral angle of a, regular tetraliedron. 

5. The basal edges of a regular triangular pyramid are each (>". The altitude makes an 
angle of 30" with each lateral edge. Find the length of each lateral edge. 

6. A spliere of radius x is inscribed in a right circular cone of slant height / and radius r. 

Sliow that X — 

7. Ednd the radius of the sphere which can 1)0 circumscrihc'd alK)ut a. regular octahedron 
each edge of which is 8". Irind, also, the radius of tlie inscrilxMl spliere. 


8. In a sphere of radius 10" find the volume of a siiherical sector the base of which is 
a zone of two bases having an altitude of 3". 


9. The volume of a circular cone is 81 cu. in. A iilane paralhd to tlie liase exits the 
cone and determines a frustum of altitude 7" and volume 57 (xn in. hdud tlie altitude 
of the original cone. 

10. 0 is the geometric center of a regular icosahedron and ABC is one; fa,(x:n Find the 
number of degrees in each of the equal dihedral angles Od, G/>h ()(^ of the trihedral angle 
O-ABC. (Circuinscrihe a spliere about tlie icosahedron. Points A, B, C d(*termine a 
spherical triangle ABC upon this sphere. Wliat is the relation lietween dh ADA and 
Zd of the sph Ad^C? What fractional jiart of the surface of the spliere is contained 
in sph AdilC?) 

Group Twenty~nine 


1. A solid metal pyramid is cut into two parts by a [ilanc parallel to tlie base and mid- 
way between vertex and base. Find the ratio of the weights of tlie two resulting parts 
of the solid. 


2- Point P is V' from a plane If. Describe accurately the locus of [loints which are 
at the same time 10" from P and 7" from M. 

3. Find the area of a sphere circumscribed about a rectangular solid tlie edges of winch 
are respectively 8", 8", 4". 

4. How far from the surfa,ce of a sphere of radius 4" must a source of light be jilaced 
so that exactly one-sixth of the surface of the sphere will be illinninate<l? 

.5. Tlie sides of a spherical triangle are 70°, 60°, 94°. Find the area (in square indies) 
of the polar triangle if the radius of the sphere is 20" (§§ 207-209). 

6. The surface of one sphere is twice that of a second, and the sum of the volumes is 
14 cu. in. Find the volume of each. 


7. Describe tlie locus of points which are equidistant from three planes ilf, N, 8 if M 
is iiarallel to N\ and if S intersects M and N. 

8. Prove that the volume of any triangular truncated prism (§ 87) whose lateral edges 
are eacli perpendicular to the plane of the base is the product of one-tliird tlie sum of 
the lateral edges and the area of the base. 

9. A right circular cone with open base is to foe made from a single piece of heavy paper. 
The altitude of the cone is to be 20" and the diameter of the Open base is to lie 30". 
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Des(^ribe tlie shape and give accurately the dimensions of the paper pattern from which 
the cone can be made. (Disregard any over-lap for the seam.) 

10. ABC is a tri-rectangiilar spherical triangle on a sphere of radius 3V2'h Three arcs 
meeting at a i)oint D within the triangle are known to bisect the three angles. Find 
the lengths (indies) of each of the arcs DA, DB, DC. 

Group Thirty 

1. Each side of an ecjuilateral AXYZ is 12". Describe accurately the locus of points 
which are at tlie same time equidistant from X and Y and 10" or less than 10" from Z. 

2. Four |)oints /I, B, C, D do not lie all in one plane and no three are collinear. Explain 
how to construct the svihere the surhice of which shall contain the four given points. 

3- One imgle of a, siiheric.al triangle is 115® and the sides including this angle are equal. 
Find ea,di of the otlicr two angles if the triangle contains 99 spherical degrees. (See 
Ex. 8, Group Twenty-one.) 

4. The ruimlier of scjutire feet in the total area of a certain cylinder of revolution is 
known to be 8 times tlie nurnlier of cubic feet in its volume. The radius is 3 times the 
altitude. Find the volume. 

5. Describe the locnis of points which lie on a given sphere and which are: (a) equi- 
distant from two fixed points on the sphere; (b) equidistant from the center of the 
sphere and a fixed point on the sphere; (c) equiclistant from two fixed radii. 

6. The radius of a sphere is 10", and P is a fixed point which is 20" from the center. 
From P a line is drawn tangent to the sphere at a point A. If PA rotates about PO 
as an axis find : (a) the length of the curve traced by point A ; (b) the area of the sur- 
face generated by the line-segment PA. 

7. The altitude of a cone of revolution is 6" and the diameter is dVS". A sphere is 
inscribed in the cone and is tangent to the conic surface along a circle k. Find the cir- 
cumference of k. 

8. ABCD-EFGH is a right prism. AE and each of the other lateral edges is 12". 
AB == 16", BC ~ 20", DA. — 12". ZDAB = ZABC — 90°. (a) Find to the nearest 
tenth of a square inch the total area of the prism, (b) Draw AF and AG and find the 
number of degrees in Z OAF. (c) Find the volume of the pyramid A-BCGF. 

9. A sphere is circumscribed about a regular hexagonal prism. The radius of the sphere 
is twice the altitude of the prism. Find the ratio of the volume of the sphere to that 
of the prism. 

10. M-x~N is an acute dihedral angle which is greater than 30°. M is taken horizontal, 
and N meets M from above in a line x. Point P is above N and is 4" both from x and 
N. Show how to construct through P a straight line t which shall be parallel to M 
and which shall intersect N at an angle of 30°. 

Group Thirty-one 

1. Two equal right circular cylinders are placed so that the axis of one exactly coincides 
with an element of the other. If the altitude and radius of each are respectively 6" 
and 3", find the volume which is common to the two cylinders. 

2, The area of the base of an oblique prism is 40 sq. in. Each lateral edge is 7" and 
makes an angle of 45° with the plane of the base. Find the area of a right section and 
the volume. 
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3. In ti sphere of radius 30" the altitude of a segment of one l^ase is (>". Eiiid the volume 
of tlie segment. 

4. The radius of an equilateral cone is 18". Find the volunie and area of the iiiscril)e(l 
sphere. 

5. In Ex. 4 find the total area of the inscrilxxl regular tilaugulai- {)yi’amid. 


6. ABC-DEF is a frustum of a trianguhir pyra- 
mid. X = area of A^4 /iC, y — area of ADEF^ 
h = altitude. Draw a plane through E, .1, C 
and a ])lane through E, Aj F. Prove that the 

volume of pyramid E-ACF Is (Fig 252). 


Fa;. 252 

7. The altitude of a right circular cone is 12" and th(‘ radius is 0". A si)lier(i of radius 
10" has its center at the vertex of the cone. Find the volume of that portion of the 
cone which is outside the sphere. 

8. a, bj c are three skew lines. Explain how to construct a line t w'hich will intersect 
the three given lines. 

9. X and y are two lines iii space, and P is a i)oiut not on either liiu^ a; is parallel to 
the plane of P and y; y is parallel to the plane of P and x. Prove that x is parallel to y. 

10. ABCD is a square piece of tin 12" on a side. A" and Y an^ resp(H’tiv(dy the mid- 
points of BC and CD. Dravc AX, XY, F/L Fold the tin along thes(‘ thr(M> lines and 
thus form a triangular |:)yramid the l)ase of which is AAXY. Points /^, (\ D will (‘oin- 
cide with one another at some point Y. Find tlie volume of the pyramid F-AAMh 

Group Thirty-hvo 

1. Spherical triangles ABC and A'B'C' are iK>lar to eac^h other. ()~ ABC and 0 -A/B'C' 
are the corresponding trihedral angles. Interpret in terms of facie a,ngles and diliedral 
angles of O-ABC and 0~A'B'C' the relations which exist l>etweeu the angles of /\ABC 
and the sides of XA'B'C' (§§ 2()7-~209). 

2. Can a splierical triangle have 130°, 70°, 55° as sides? 150°, 78°, 100°? i:U)°, 120°, 
115°? Can a si)herical triangle have 90°, 80°, 40° as angles? 50°, 40°, 48°? Justify your 
answer in eacli case. 

3. P is the common i)ole to two small ciircles c and d. The i)olar distanct‘ of c is 30° 
and that of d is 60°. If the radius of tlie siihere is 10" find the area of the zone of two 
bases determined liy c and d. 

4. V-ABC is a regular tetrahedron each edge of whiiih is e. Find the length of the line- 
segment whicli is perpendicular to AB and VC. 

5. A riglit circular cone is inscrilied in a sphere. If tlie altitude of the vone is tliree- 
fourtlis the diameter of the sphere, what is the ratio of tlie volume of tlie <‘one to the 
volume of the siihere? 
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6. .4 is a fixed point on a fixed line x. Line-segment AB is 6" and AB J. x. CD is a 
line-segment bisci-ted by point B and is coplanar with AB and x. CD = 3". If CD 
makes a constant angle with AB, and if AB is rotated through 360° about x, find the 
areas of the snrbices generated by AB and CD, respectively. 

7. Prove that tlie volume of a right prism with triangular bases is one-half the product 
of tlie area ol one lateral face and tire length of the perpendicular drawn to the plane 
of that lace from tlie oiifiosite lateral edge. 

8. A right circular (‘yliruler of radius 12" is partially filled with water. A spherical 
metal ball ol radius 12 is drojiped into tlie water. After the ball rests on the bottom 
of tlie cylinder tlie level of the water is found to be 24" above the base. How many cubic 
indies oi water are tliere in the cylinder, and what was the depth of the water before 
the ball was dropjicd in? 

9. M-AB-N is a- diliedral angle. D lies on AB (between A and B). ZCDE is the 
plane angle of the dihedral, with C lying in M and E lying in N, In M line DX is drawn 
between DC and DB; in N line DY is drawn between DE and DB. Prove that ZXDY 
is less than Z CDE. 

10. Prove that tlie ares which bisect the sides of a spherical triangle perpendicularly 
are concurrent. 


Group Thirty-three 

1. If corners are cut from a cube by planes which pass through the mid-points of the 
edges, wliat fractional part of the original volume remains? 

2. hx and a, re the areas of the lower and upper bases, respectively, of a frustum of a 
pyramid, h is the altitude. Extend the lateral edges of the frustum to form the com- 
plete pyramid of which tlie given frustum is a part. Let x be the altitude of the com- 
plete pyramid. Ih'ove: 

h {hx 4- VMo) 

^ — 

3. The altitude of ;i splierical segment of two bases is h. The radii of the two bases 
are resiiectively a and b. throve tliat the volume of the segment is ^7i(3a^ + 35^ H- h-). 

4. A liemisiiliere is tangent to a horizontal plane M, and the plane of its circular base 
is above .M and jiarallel to M. A right circular cone and a right circular cylinder, each 
witli a radius and altitude e<iua.l to the radius of the hemisphere, rest upon the same 
]'lane. A plane S |)a,rallel to M cuts tliese three solids thus forming three circular sec- 
tions. Prove tliat the ciriailar section of the cylinder eciuals the sum of the circular 
sections of the cone a,nd hemisjiliere. 

5. AB(U> XYZW is any parallelepiped, and P is any point in space. Prove that the 
pianos ,/b'EY, FBY, PCZ, PDW have one line in common. 

6. Four equal spheres eacli of radius 2" are placed so that each sphere is tangent to 
each of tlie otlier three. How long is the edge of the smallest regular tetrahedron which, 
will exactly enclose these si>heres? 

7. A line-segment CD is 12" long and is a diameter of a circle with center 0. A chord AB 
bisects radius OC perpendicularly at a point M. With D as a center and DA as a radius^ 
the minor arc AB is clrawn. Minor arc AB together with the arc ACB thus form a cres- 
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(Hint. Rotate tlie figure about CD and compute the volume and totaJ area of the solid 
generated by tlie crescent. 

The diagonals of a rhoml>us R are respectively di and (h. R is first r'evolvod al)out di 
as an axis, generating a solid of volume Vi. R is then revolved al)Out (I 2 as a,h axis 
generating a solid of volume ¥ 2 - Ih-ove: 

Vi _ ^ 

vl ” di' 

9. Tlie edges of a rectangular solid u'hicli meet at a common vertex F are PA, PP, PC, 
having as respective lengths a, b, c. Draw AB, BC, CA. ih-ove tluit the area of AA/iC^ is 

H~ a“C“ -f- 

10. Three non-intersecting circles with (tenters A, B, C lie in a plane A/. The circles 
are unequal and their centers are non-collinear. A pair of (‘ommon external tangents 
is drawn to each of the tliree i)airs of circles. The pair of common external tangents to 
circles A. and B meet at a [)oint Z; the external tangents to B a-nd C me(‘t at A”; the 
tangents to A. and C meet at Y. Prove that the points A", Y, Z ar-e collinear. 

(Hint: Three points will be collinear if they can l)e sliown to He on the intersection of 
two planes. At A draw a line-segment AD _L M. Draw DY and DZ. Show that 
lines perpendicular to M at B and C must cut DZ and DY at som(‘ points E a.nd F, 
respectively. Show that points E, F, X are collinear, and hence that DZ, DY, EX 
lie in one plane S.) 



Chapter Fifteen 


SPHERICAL TRIGONOMETRY: THE SPHERICAL 
RIGHT TRIANGLE 


In Chapters Twelve through Fourteen relating to the geometry of the sphere 
a portion of the work was devoted to an elementary study of spherical angles 
and spherical triangles. In the work to follow we shall utilize much of this earlier 
material to develop a stud 3 ^ of spherical triangles from a trigonometric stand- 
point. This particular phase of the study of spherical triangles is known as 
Spherical Trigonometry. It will be seen presently that Spherical Trigonometry 
bears tlie same relation to the earl^^ studj^ of spherical triangles that Plane 
Trigonometry does to the treatment of ordinary triangles in Plane Geometry". 

Splierical Trigonometry is concerned mth solving for certain parts (angles 
or sides) of a spherical triangle when certain other parts are known. For this 
purpose a series of formulas will be developed. In these formulas it is to be 
understood that sides as well as angles are measured in degrees instead of in 
linear units. Only the ordinary type of spherical triangle will be considered, 
namely, one in which each side is an arc of a great circle, and one in which each 
side and each angle is less than 180®. 

This type of study necessarily^ presupposes not only^ familiarity with Chap- 
ters Twelve, Thirteen, Fourteen, but also a knowledge of Plane Trigonometry 
and facility in the use of standard trigonometric and logarithmic tables. At 
the end of Chapter Eighteen are listed the standard formulas encountered in 
Plane Trigonometry. Reference to any" of these will be made by" prefixing a 
'^T'^ to the number of the formula cited. Thus, ^^T 5’^ will mean “formula 5” 
of this reference list. 

SECTION ONE. PRELIMINARY 

The following facts already' presented in the earlier work are fundamental 
to the development of Spherical Trigonometry. They are repeated here for 
convenient ref erence . 

229. 


In any spherical triangle ABC, if a == 6, then A = B, and conversely. 
In any spherical triangle ABC, ii a > b, then A > B, and conversely. 
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If two t>plierical triangles . 4450 nx\dA'B'C' are polar to ea<*li otlica*, any 
side of either triangle is supplementary to the opi)osit(' angle of the 
other triangle. 


231. 

In a si)herieal triangle ABC, if a = h = 90 °, Iluai .1 — B = 90 °, and 
c = C. Conversely, if A = B = 90 °, tluai a ^ b ~ 90 °, and C = c. 


In a spherical triangle A BC, if a = b = c = 90°, tluai .1 = B ~ t/ = 90®, 
and conversely. 


233. 

In a spherical triangle ABC, if a == B — 90°, then A = 6 = 90°. 

234. Species. Any two parts of a spherical triangle an^ said to l)e of tlie same 
species if the two pai’ts are each acute (Icvss than 90°), or if thc‘ tvvo i)arts are 
each obtuse (greater than 90° and less than 180°). Two parts are said to be 
of different species if one is acute arid the other is obtuse'. 

235. 


In a spherical triangle ABC in which C == 90° (and ru'itlu'r of tlie otlier 
angles is 90°), A and a are of the same species, B and 6 arc^ of tlie same 
species. 




Part I (Fig. 253). 

Given: C = 90°, A. < 90°. 

( ^inversely, given: a < 90°. 


Prove: a < 90°. 
Prove: A < 90°. 
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1) ExtcndjC^/i. Draw AD making sph /.CAD = 90°. 

2) Then l5c = 90° (§231)^ ^ 

3) Since AB falls between AD and AC, BC must be less than 90°. 

4) /. a < 90°. ^ 

5) Conversely, if a < 90°, extend CB to a point D to make CBD = 90°. Then 

Z CAD = 90° (§ 233). Proceed as before. 

Part II (Fig. 254). 

Given: C = 90°, d > 90°. Prove: a > 90°. 

Convca'sely, given: a > 90°. Prove: d > 90°. 

6) As l)efor(‘, draw AD making sph / CAD = 90°. 

7) Show that DC — 90°, and hence that a ^90°. 

8) Conversely, if a > 90° choose D on BC so that DC = 90°. Show that 
/CAD - 90° and lumce that / CAB > 90°. 

llierc'fore, from Parts 1 and II: A and a must be of the same species. 
Similarly, B aiul h must be of the same species. 

236. 


In a spherical t riangle d/^C in which C = 90° (and neither of the other 
angles is 90°), if a and h are of the same species, then c is acute; if a and 
b are of diffen'ent species, then c is obtuse. 


D 



Part I (Fig- 255). 

Given: C = 90°, a < 90°, b < 90°. Prove: c < 90°. 

1) Extemd Cd to D making CdD = 90°. Draw DB. 

2) .*. J)B = 90° (§ 233). 

3) r./BDC^a (§231). Hence, /BDC <90\ 

4) Moreover, /BAG <90^ (§235). 

5) /BAD > 90°. 

6) in ADAB: /BDA < / BAD 
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7) A B < DB (§ 229). 

8) c < 90°. 

Pakt II (Fig. 256). 

Given: C = 90°, a > 90°, b > 90°. Prove: c < 90°. 

9) On CA take CD = 90°. Draw DB. Proceed as in L 



Fig. 256 Fig. 257 


Part III (Fig. 257). 

Given: C - 90°, a > 90°, b < 90°. Prove: c > 90°. 

10) On CB take CD = 90°. Draw DA . Proceed as l)ef()r{>. 

Thus, Parts I, II, III establish the theorem. 

SECTION TWO. THE SPHERICAL RIGHT THIANClLE 
HAVING ONLY ONE RIGHT ANGLIi: 

If a spherical triangle has three right angles, the sides opjxjsiti' tliese angles 
are quadrants (§ 232). If a spherical triangle has two right angles, the sidt's 
opposite these angles are (quadrants, and the tliird sidt' jind tlurd anglt^ hav(^ 
the same measurement (§ 231). Therefore, the solution of tlie t ri-reetangular 
triangle or the solution of tlie bi-rectangular triangle j)resents no gri'at [>rot)l(an. 
Hence we need to concentrate upon the right triangle having only one right 
angle. 

In the following section (§ 237) we shall develop ten formulas for a si)herical 
right triangle ABC in wliich only one angle, G, e(|uals 90°. I^'or simplicity’s 
sake we shall first develop these formulas with respect to a triangh^ in wliich no 
}>art is obtuse. But in §238 which follows, we shall (establish tin' validity of 
these formulas for any spherical triangle in wliich oiu' angl<\ C, is 90°. 

237. Thc^ Ten Formulas (Fig. 258). Let O be the center of the s|)here. Draw 
Od, OBj DC. Then A BOC, CO A, BOA are equal respectively to a, 6, c of s|)h 
t^ABC. 
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Draw BD _L OC. In the plane of 
AOC draw' DE X OA. Draw BE. 
Then Z BED = Z of sph AABC. 

Denote EDy BD, BE by x, y, z, 
respectively. 

Denote OE, OD, OB by m, h, r, 
respectively. 

1) In AOED: m = h cos b. 

2) In AOEB: m = r eot^ e; in 
AODB : h = r cos a. 

3) S u b s t i t u t i n g in 1 ) : r cos c = 
r cos a cos b 

or 



® cos c = cos a cos b 


4) In AEDB: cos A = »• 

z 

5) In AGED: x = rn tan b; in AOEB: z — m tan c. 

,,, o, 1 < m tan 5 

6 Substituting in 4 : cos A = 

m tan c 

or 0) cos A = tan b cot c 

7) From a figure similar to Fig. 258 with A and B interchanged w'e may obtain : 

(?) cos B — tan a cot c 


8) In AODB: siti a = 

9) In AEDB: y = 2 sin *1; in AOEB: r — z esc c. 

z *^1 n 

10) Substituting in S) : sin a = 

or @ 

11) Similarly; @ 

12) In AEDB: :r - ?/ cot A. 

13) In AOED: x = h sin 6; in AODB: y ^ h tan a. 

14) Substituting in 12) : h sin h = h tan a cot A 


sin a = sin A sin c 


sin b = sin B sin c 


or 


sin b == cot A tan a 




s(Hji) (;i:<)i\iKTnY ani> hviikmcm . lUKioAoMiriin 


! 5H 


15) Similarly: (7 sin a ~ cot B tan l> 

16) In © set tan a - • /. sin b ^ eot .1 

cos a \eos a j 

17) CDS a = eot .-1 sin a esc* />. 

18) From cos 1) = cot sin 5 esc a, by similar st(‘ps. 
ID) SnV)stitiite 17) and 18) in ( 1 ): 

/- cos c = cot .4 sin a esc h cot />* sin h esc a 
20) == cot A cot /I. 

Hence: Oo cos r “ (‘ot .4 <‘ot />' 


21) From ©): cos -4 — tan h cot 


22 ) 

23) 

24) 

25) From®: sine 


_ sin h (‘OS e 
cos b sin e 
sin 5 (cos a cos b) 
cos 1) sin c 
sin b cos a 
sin c 
^ir©; 
sin 


26) Substitutes 25) in 24): 


cos .1 


sin b cos a sin B 
sin b 


or 

27) Similarly : 




cos -4 - sin B cos a 


cos B “ sin -4 cos b 


(Cf. @.) 


23B. Validity of the Ten Formulas- In ord(‘r to estal)lish th(‘ validity of tlu} 
Ten Formulas for any spherical triangh^ ABC \n whi<*h om‘ angle, (\ is a. right 
angle it is suffi(‘ient to consid(‘r two cas(‘s: first, wlu*n l)ot!i l(‘gs an‘ ohtusty 
sc'cond, \vh(‘n oiU‘ leg is obtuse and tlu‘ otlier 


is acute. 

Case 1. C - D()^ a > 90°, b > 90° (Fig. 259). 

Extend CA and CB to meet again at C'. 

Then = 180°; ZC' - 90°. 

Also, // < 90°, < 90°. 

Moreover, c < 90° (§ 236). 

AA'C'B' is a sphc'rical triangle of th(‘ 
ty{)e a,lrc‘ady discusscxl in § 237. Therefoix’: 
ea(*h of the Tcm Formulas is valid for 
AA 'B'C'. 
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1) Apply © to AA'B'C': cos c' = cos a' cos h' . 

2) But cos c' = cos c, since c is common to the two triangles. 

3) Also, cos a' = — cos a and cos 6' = — cos b. (T 5-c) 

4) 1) becomes: cos c = cos a cos 6. 

5) -*• © valid for A ABC. 

6) A|)ply @ to AA'B'C': cos A' = tan b' cot c. 

7) But cos .1/ == - cos A and tan h' = - tan b. (T 5-e, 5-/) 

8) 0) l)ecomes: cos A = tan b cot c. 

9) valid for AABC. 

10 ) The validity of c‘ach of tlie remaining formulas is established in like manner. 


Case II. C - 90°, e > 90°, b < 90° 

(Fig. 200). 

Extend IIA and B(J to meet again at B' . 

Then BAlr = lICB' - 180°; = B: 

C ^ C 90°. 

Since a > 90°, then a' < 90°. 

By § 236, c > 90°. c' < 90°. 

.*. AA'C'B' is a triangle of the type dis- 
cussed in § 237. Therefore, the Ten Formulas 
are each valid for AA/B'C'. 

1) Apply ® to Ad 'B'C' : cos c' = cos a' cos h. 

2) But cos c' == — cos c and cos a' = — cos a. (T 5-e) 

3) Substituting in 1): cos c === cos a cos b. 

4) ® is valid for AABC. 

5) In similar fashion the validity for each of the remaining formulas can be 
estal)lishcHi. 



Tli(U'efoi*e, the Ten Foi-mulas are valid for any spherical triangle in which 
one angle is a rigid angle. 


We group the Ten Formulas together for ready reference. For reasons to 
be made apparent presently, tliese formulas need not be memorized. 



COS 

c 

— 

cos a cos h 

d) 

cos 

A 

= 

tan b cot c 

® 

cos 

B 

= 

tan a cot c 

® 

sin 

a 

= 

sin A sin c 


sin 

b 

= 

sin B sin c 

® 

sin 

h 


cot A tan a 

® 

sin 

a 


cot B tan b 

® 

cos 

c 

= 

cot A cot B 

® 

cos 

A 


sin B cos a 


cos 

B 


sin A cos h 
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The following (hc‘orc‘ni is us(‘ful in d<‘t(n’mining wiiether or nol :i triangle ig 
j)ossil)le linden' certain givtni conditions. 

239. 

In a spherical lria-ngl(‘ AH(' witli ont* right anglt\ sin ,t must he 
greater than sin a, sin />* must. h(‘ gr<*at.(‘r than sin h, 

- , , . sin a 

1 hrorn u;: sin r — '“--7 • 
sin A 

2 ) If sin .4 were ecpial to sin a, tlu*n sin c would ('(jual 1, and lumce* c would 
equal 90°. In tlvis case*, a and h would luive* to he* ejuaelrants, anei the given 
triangle would have* to he* tri-re*ctangulaj*. 'Tlie're'fore*, if T is the* only right 
angle of the* triangle*, sin .1 e-animt e'ejual sin e/. 

3) If sin A w<‘rt‘ /r.s,s tlian sin u, sin e- woulel lie* greate*!' than I, whie‘h is im|)os,sihle. 

4) Therefore, sin .4 must hie greater t.luin sin a, and similarly sin li must be 
greater than sin 6 . 

The following exercisers are extri'inedy important. lOneh erne* should be 
carefully done, and the correct answers sheiulei la* kt*pt. em tile*. hhie*h e*xer(*ise, 
of course, concerns a right spherical triangle having om* and only one* angle, C, 
a right angle. 

EXEKCLSES 

Gro up l^hirty-four 

1 . Dise^ounting angle 0, wliie*h is 90®, there are five re'iimining parts to a triangle. If 
a formula is to lie prepared whie*.h involves in turn eiie*h possil)le coinhination of tliese 
parts taken three at a time, how many suedi feirmulas are* neu'essury? 

2 . Among the Ten Formulas wliiedi oik?s, if any, involve tlu* sanit* thre*(* parts? 

Is a part of a spherical triangle uniejuely dete*rmineel if its <*e>sine* is known? its tan- 
gent? its cotangent? its sine? 

4. Select the formula which you would use in each of the following inst.ances: 


Gwen 

Find 

Given 

P'ind 

A, B 

c 

B,c 

a 

a, h 

c 

A, B 

a 

6, c 

a 

a, b 

A 

A, b 

B 



5. If A and c are given, is a uniquely determined? (B(*e (|) anel § 235.) If B and a tire 
given, is b imieiiiely determined? 

6. In eac;h of the following instances state whether or not the part to be found is uniquely 
(letermined. Justify your answer. 


Given 

Find 

Given 

Find 

h, a 

B 

Jfi h 

A 

a, c 

A 

A, a 

h 

A, a 

B 

B, h 

a 
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7. The following are given parts, supj)osedly of a right spherical triangle ABC in which 
C = 90°. State in wlii(;h instances a triangle cannot exist. (Cf. §§ 203, 235, 236, 239.) 

(a) a = 70°, B = 124° (g) h = 102°, c = 135° 

(1>) B = 60°, h - 72° (h) A = 108°, a = 120° 

(c) A = 110°, h = 120° (i) a = 140°, b = 130°, c = 125° 

(d) A = 20°, B = 50° (j) a = 40°, b = 108°, c - 60° 

(e) c - 50°, A = 84° (k) a = 84°, b = 100° 

(f) A - 70°, a = 95° 


8. If we resolve rig] it ti-iangle solution into cases and classify according to the types of 
parts given, there are six different cases: (1) 2 legs*; (2) 2 angles; (3) leg and adjacent 
angle; (4) leg and hypotenuse* ; (5) hypotenuse and adjacent angle; (6) leg and opposite 
angle. 

Exanune each of the alxive six cases and show that: 

(a) in ea,(*h of tlie first five (‘.ases any part sought will be uniquely determined; 

(b) in the last c.a.se tlie ptirt souglit may have either of Uvo values. 

In other words, show that in each of the first five cases there is one triangle possible, 
if any; that in tlie sixth case tlicre may be two triangles possible. 

Fig. 261 illustrates the sixth case. 


If AB and AC are extended 
to meet again at A', a second 
rt AA'CB is formed, having 
C = 90°, A' = .4, and side a 
the same as for AABC. Either 
AA'CB or AACB satisfies the 
given conditions, viz., that a 
leg and the angle opposite have 
certain given values. 



9. Select the proper formula and solve for the indicated parts, giving results to the 
nearest minute. 


Gwe7i 

Fi?id 

(a) a = 78°, b = 62° 

c 

(b) A = 100°, B = 75° 

c 

(c) B - 67°, a == 110° 

A 

(d) A - 115°, h - 80° 

a 

(e) B == 42°, c = 54° 

A 

(f) A = 70°, a = 58° 

c 

(g) B = 105°, b = 120° 

a 


* In dealing with spherical triangles we use the terms “leg,” "hypotenuse,” "altitude,” 
"median” as in tlie case of jilane triangles. An "altitude” is a great circle arc drawn from a 
vertex perpendicular to the opposite side. A "median” is a great circle arc joining a vertex 
with the mid-point of the opposite side. 
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240, ■'^'.Napier’s Kule of Carciihir Parts. It is (juitc imn(M*cssar\' to nuanorize 
the Ten Formuhis. oiu^ etui ht* oi>tuim‘d jis !ieo(i(‘ti <ljrt‘ctl\- iVom the 

dia^Tiua of ¥ig. 202 l)y using* a siinplt^ and 
ing(aii()iis d(‘vice known as Napi<a‘’s Rule 
of (fircnilar Parts. 

In the diagram tlie s 3 nnhols ‘Tu)-d ”, 

'TawP’ mean r(Nspt‘etiv(4y “eoni- 
plenient of “eom})U‘numt of />.” 

eompleraeut of e.” 11 h' (|iL‘inti(i(‘s h, a, 
vo-Bj C 0 “C; cO"/t are the “eireular parts” 
mentioned above. 

In nsing tlu^ diagram w(‘ sliall (‘np)lo\’ 
the terms “middle i)art'’(mp), “adjaviait 
parts ” (ad^‘) j “oppositt^ pa,rts*’ {opp). 

If any one of the five (|iiantiti(‘s is dt‘sig- 
nated as a “middle part,” thc^ epiantities 
immediately adjoining this are tlie two 
“adjacent parts,” and the nanaining parts art' th<‘ two ” o|)|)osit{‘ parts.” 
Thus, if co-c is selected as the nip them eo-.l atul (‘o-R ar(* the (idj, and h and a 
are the oj>p. 

Napieds Ride. The sine of any middl(‘ ]>nrt (sinals the prodmd of the 
tangents of the two adjacent parts. Tlu' sine of any mid<lle i>nrt (apiais 
the product of the cosines'of tlie oi)})()sit<' parts. 

That is, (1) sin (trip) ~ tan (adj ) tjiu (m/j). 

(2) sin (rnp) = <‘os (opp) <*os {app). 

hlach of the Ten Formulas can he written by (‘boosing in turn (‘a(*h of tlie 
five quantities of the diagram as a mp and then tqiplving |)art (1) and then 
part (2) of Nainer’s Riikn 

For example, let eo-e - mp; them eo-/l and co-R art^ tlu‘ adj, h and a arc the 
opp. 

Py part (1): sin (co-c) - tan ((K>-d') fail ' At e(.)s e eot B, which 

is actually formula - - »• 

* John Naples- (I.ord of Merchlston), Scottish inatlieniatidan, was bora in lo.oO at Mcr- 
cliiston, now a part (>f Ediiiburgli. The contribution to ruatheniatics for whiidi he is ^(su-ndly 
bc'Ht. known was his invention of a system of loga,rithins. Me was tlie inventor, also, of scvca-al 
ingenious comiiuting ina, chines. Mis Rnlo of (dreula.r Pa,rts for th(‘ solution of the right 
..s|>]aetn(nil triangle appear!Qd..in im4. At oiaf time or another Napi(‘r devotcHl <'onsi<I(‘nihIe 
thought to the possible creation of various engines ol <lestruction to be used in warfare, oiui 
such devicai being a, sort of war chariot armed with high-powenal cannon an i<l(‘a, which 
eventually niatei ialized in the form of the rnoilern tank. In arddition to his u<*tivitiicjs in 
inatheinaticail and sciientific rcsearcli he |)iit forth several workvS of a theologicad luit.un''. t\>r 
tiie scientific flavoi of th(i ideas advanced in the.se treatise.s lie was (‘uthusiasticailv a(‘chume<l 
a visiomiry and genius by some, but by others he was damned as a, meddler in tlie Biaclv Art! 
Nafiier died in 1617 at tlie age of 67. 
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By part (2) : sin (co-r) = cos 6 cos a or cos c = cos a cos b, which is actually 
formula (T). 


Example 1. Given: A = 40*^, B = 52°. 
Find b to the nearest minute. 

A, B,b are tlie three parts involved. A and 
B are known; b is to be found. 

On the Napier diagram (Fig. 2G3) select the 
three sectors containing A, B, b, respectively. 
Apply Napier's Rule, using co--B as the mp: 

sin (co-R) = cos (co-A) cos b 


or 

cos B = sin A cos b. 


Hence, 


cos b 


cos B 
sin A 



Fig. 263 


Substitute the given values for B and A, and use logarithms to compute the answer. 


cos b 


cos 52° 
sin 40° 


6 = 10° 45' 


log cos 52° = 9.7893 - 10 
log sin 40° = 9.8081 10 

log cos b = 9.9812 — 10 


Example 2. Given: c == 120°, B = 72°. 
Find a to the nearest minute. 

6*, B, a are the iiarts involved. Mark these 
on the diagram (Fig. 2(54) . 

Api)ly Naiiier’s Rule, using co-Z? as the mp: 

sin (co-B) = tan a tan (eo-c) 
or 

cos B = tan a cot c. 

^ cos B 

tan a = 

cot c 



Fig. 264 


Note aliead of time tliat tan a must be negative since B is acute and c is obtuse. Heri'ce 
a itself will have to be obtuse. 

, cos 72° log cos 72° = 9.4900 - 10 

tail a - ^ ^ 20 ° log cot 120° = 9.7614 - 10 

log tan a — 9.7286 — 10 


180° - 28° 10' = 151° 50'. 
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Example S, Given: .1 ==112°, c ~ 50°. 
Find a. to the nearest niiniite. 

Alark .4, e, a on the diagram (Fig. 205). 

sin a ” cos (co--4) cos (eo~r) 
or 

sin a = sin .1 sin c. 

Here a must be found from its sine. But 
there cjin he no a.ml>iguity because .4 is known 
to 1)0 obtuse and hence a, also, must he obtuse 
(§ 235). 



Fnj. 2()5 


sin a ~ sin 112° sin 50° log sin 112° - 0.0072 — 10 

log sin 50° 0.SS.13 - 10 

lug sin a = 9.8515 — K) 


a = 180° ~ 45° 16' 134° 44'. 


EXERCISES 

(fro u p Thirt //- five 

1 . Derive each of tlie Ten Formulas l>y Napier’s Rule. 

2. Set lip a Napier diagram for a aRST in which S = 90°; for a A-YFAf in which 
X - 90°; for a aDAB in wliich B = 00°. 

3. Alake a Napier diagram for a AXYZ in whicdi Z = 90°. From the diagram obtain 
a formula whicli will involve eacdi of the fallowing sets of parts in turn: 

(a) .r, y, X; (b) Ay F, //; (c) 2, x, y; (d) A", 2, x; (e) F, .r, y; (f) F, A^ 2; (g) y, A", 2. 

4. In a APQR, Q = 90°, <7 — 60°, P = 70°. By Napier’s Rule find r to the nearest 
minute. 

5- In Ex. 4, find p and R eacli to the nea.rest minute. 

In Exercises 6~15 assume that C == 90°. Find the required part to the nearest minute. 


Use Napier’s Rule throughout. 

Find (Hven Find 

6. a = 65° 10', c = 85° 30'. A 11. a = 56° 18', e = 39°. 6 

7. a = 5S°, B == 121°. c 12. *4 ~ 58°, c == 110°. b 

n, A ^ 63° 12', B - 40° 15'. h 13, A ^ 60° 30', B = 136° 21'. c 

9. a = 80° S', b - 40° 45'. B 14. b - 22° 22', .4 = 36° 12'. a 

10. .4 - 101° 40', a = 122°. B 15. 6 - 18° 12', B = 41° 24'. c 
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Example Jf. Given: A — 75"*, h — 58°. 
Solve the triangle. 

Mark the two given parts on the diagram. 
The first pa.rt to be found is then a matter 
of individual clioice. 


Fig. 266 



(1) Find B: sin (eo-i?) = cos (co-A) cos h 
or <X)S B — sin A cos h 

or cos B ~ sin 75° cos 58° 

B = 59° 13' 


log sin 75° = 9.9849 - 10 
log cos 58° = 9.7242 - 10 
log cos B - 9.7091 - 10 


(2) Find a: In solving for each of the two remaining parts it is usually advisable to ob- 
tain a formula, which involves the two given parts. Why? 


sin h = tan (co-A) tan a 
or sin h = cot A tan a. Hence: tan a 
tan a == sin 58° tan 75°. 


sin 6 
cot A 


sin 6 tan A. 


Solving by logarithms: a = 72° 28' 


(3) Find c: From the diagram obtain the formula: 

cos A = cot c tan 6. 

cot c — ^ == cos A cot b == cos 75° cot 58° 

tan o 


.-. c =- 80° 49' 


(4) Check: From the diagram obtain a formula involving B, a, c. Substitute the calcu- 
lated i:>arts in the formula: 

cos B = tan a cot c 

Further checks can be obtained, of course, by substituting in formulas involving only 
one or two of the calculated parts at a time. 

Exa7nple5. Given: B = 60°, b — 47°. Solve the triangle. 

There are two solutions (cf. Ex. 8, Group 34). Care must be taken to keep these 
two different solutions separate. 



166 


SOLID GLOMLI'UV AND SJ»HKUl( :AL 1’HI( iONOMirraV 


(1) Find a: Fornuila: win a — cot B t;in b 
sin a = cot ()0^ tan 47° 

Sol. r SoLH 

a = 38° 14' 141° 46' 


io^ cot 60'' “ 0.7614 — 10 
log tan 47° - 0.0303 
log sin a - 0. 71117 10 


(2) Find A: Forinulti: cos B = sin A cos h 
cos 60° 

(ios 47° 

A = 47° 10' or 132° 50' 


sin A 


log cos 60° ■" 0.6000 — 10 
log cos ’IT " ™ 0.8338 — 10 
it>g sin .1 0.8()52 - 10 


Olie value 47° 10' must Ix'long to Solution I, sinc<‘ .t ami a nutst always h(» of the 
same species. Hence, we hav(^ 

Sol. I Sol. U 


A 47° 10' 


A ^ 132° 50' 


(3) Find c: Fonnula: sin b = sin B sin c 

.* , - ‘^ 864 1 - 10 

sin c - An 6()« = 0.0375 — 10 

_ 57° 37' or 122° 23'. log sin c — 0.02<i6 — 10 

In Solution I, a and b tire of the same species. ThenO’on*, r must he‘ acute (§ 236). 
Hence the value 57° 37' must lielong to Sol. I. Also, by § 23(), r must hi* olitusc^ in Sol. II. 
Til us, we have: 

Sol. 1 vSol. H 


57° 37' 


122° 23' 


The two complete solutions are: 

I, a = 38° 14', A -= 47° 10', c - 57° 37'. 

11. a = 141° 46', A = 132° 50', c = 122° 23'. 

(4) Check: Check eacli solution .separately by tlie methotl nr nudluxis suggested in 
I^lxample 4. 


EXEUCISES 


Croup T flirt y-^six 


Solve and clieck each of tlie following right triangles from tlui parts givcm. 
that C — 90°. Obtain results to the ncarevst minute. 


1. a = 31° 24', h = 50° 30' 

2. -= 121° 32', c = 64° 17' 

3. h = 53° 45', A. = 35° 20' 

4. e =- 98° 3()', B = 106° 10' 
,5. A = 62° 47', B = 134° 26' 

6. a = 54° 30', B = 34° 50' 

7. a = 50° 30', A - 62° 24' 


IL B = 115°, c == 80° 40' 

9. A = 103°, a =117° 

10. b = 20° 45', c = 150° 

11. A = 140°, B = 99° 10' 

12. a = 73° 50', c = 82° 25' 

13. b = 161° 14', c = 135° 16' 

14. B = 70° 7', c = 117° 30' 


Assume 
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15. a - 24° 50', h = 72° 10' 

16. A = 29° 40', 5 = 100° 20' 

17. c = 125° 28', a = 54° 50' 


la. b = 40°, B = 75° 

19. A = 108° 32', ^ 72° 48' 

20. c = 145° 15', a = 155° 30' 


241. The Isosceles Triangle. Let AABC 
be an isosceles trijinglci witli a = h (Fig. 267). 

Then .4 - (§ 229). 

Mor-eover, if a nuMiian CD is drawn, it is 
readily shown that AACD A BCD and that 
A A DC - ABDC - 90°. 

Tlius, th(^ solution of an isosceles triangle 
can be a(‘CoinplisluHl V)v working with either 
of the synunet.i*i(^ right t-i*iangles into which 
the given triangle can be sef)arated. 

EXERCISES 


C 



Fig. 267 


Group Thirty-seven 

1. In AABC, a = h. Show exactly liow you would solve the triangle, given, the parts: 

(a) -4, (b) a, /i; (c) a, A; (d) B, c; (e) <7, c. 

2. In wlii<4i of the ciases listed in Ex. 1 is there more than one solution possible? 

In Eixercises 3-8 solve completely the isosceles A ARC in which a = b, giving results 
to the nearest iniiuite. 

3. a = 84°, B = 76° 6. c == 128°, A = 79° 12' 

4. A = 100° 47', C = 88° 19' 7. C = 140° 15', B = 82° 10' 

5 . B - 65° 40', h = 45° 8. c - 96°, C - 112° 

9- In an isos(;(‘les AABC witli a = 6, if c is obtuse must C be obtuse? Explain carefully. 

242. The? Qim<lranl:al Triaingle. A quadrantal spherical triangle is a spherical 
triangle in whiidi one side is a quadrant (90°). 

The solution of a (juadrantal triangle is accomplished by solving the polar 
triangle, aiiiilying § 230. 

Foi* example, kit thci given quadrantal AARChavec = 90°, A = 76°, B = 52°. 
Then in thci polar AA'B'C', (V - 90°, a' = 104°, 6' = 128°. AA'R'C', being of 
the type discviissed in this chapter, can now be solved in the usual way. Apply 
§ 230 to the solution of AA 'B'C' to obtain the solution of the given AABC. 


EXERCISES 
Group Thirty-eight 

Solve ea.ch of the following quadrantal triangles, given: 

1. c 90°, A = 122°, h = 59° 4. c - 90°, C - 67° 29', B - 58° 42' 

2. c = 90°, A = 85°, B -=110° 5. c = 90°, a - 120° 50', A = 114° 37' 

3. c = 90°, C = 131° 10', a = 118° 10' 6. c = 90°, A = 98° 6', B - 132° 40' 



SPHERICAL TRK^ONOMrrRY': lUE SI^HERICAI. 
()BIJ()lll^ T{HAN(RJ: 


In Chapter Fifteen e\'<)Iv(‘<l means of soh'ing any sphei'i(‘al right triangle, 
isosceles triangle, or quadnintal triaMgl<\ The j>n»s(‘nt eha|)t<‘r int ro<lue(\s the 
study of the sph(n'iciU oblique triangle, that is, a triangle in vvhieh no nnglo is 90°. 
In a sense, the preceding ciuipter is suffiei<nit for most pra<‘tieal lUHais, since anv 
oblique triangle can always Ixi resolved into two right triaijgl{‘s. However, 
the solution of an oblicpie triangle by such means is avvkwa,i‘d and cunil)ei>;onie. 
Therefore, we shall derive two laws which are spiKhlically adaptcal to solving 
oblique triangles: the Law of Cosines and tlu‘ Law of Sines, 

In the work of this cliaptcu’ the following n^latious of parts are helpful as a 
means of cheeking the validity of results oi)tain{‘d. 

243. In any sphcu’ical triangle ABC: 

I. If a > ?}, then A > B, and converse! v (§ 229), 

11. a + h -h c < 360® (§ 203-B). 

IILa+5>c (§203-0 . 

IV. 540® > A+ C > 180® (§ 203-D). 

V. 180® 4“ C > .4 + B (Ex. 7, Group 21). 

VL One-half the sum of any two sides must he of tlie saim^ spe(*i(‘s as oru'^luilf 
the sum of the two angles opposite these sides. (To bt^ proved in § 255.) 

244'. The Law of Cosines. Let AABC he any oI)li(pu‘ s|)hi‘ri(‘Ml triangle. 
Draw the altitude CD {h). 
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Fig. 209 
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PAiri’ L h falls within ACAB (Fig. 268.; 

1) In ACDB : cos a == cos {c — x) cos h. ' ( ® ) 

2) = (<‘<>s c cos X + sin c sin x) cos h (T 6-6) 

3) = ^‘<>« eos h) + sin c (sin x cos 6) 

4) = f‘<>« (cH)s a* cos h) + sin c tan :r (cos a* cos h). (T 3-d) 

5) But in A. i Dd: cos x (‘os h = cos b ( ® ) 

arul tan x ~ cos .1 tan h. ( ® ) 

6) Substituting in 4): 

cos a = ('OS c cos 6 + sin c (cos .4 tan h) cos ?>. 

7) or Qi) cos a = (‘os b cos c + sin b sin c cos .4 (T 3-a) 

1\\RT IL h falls outside ACAB (Fig. 269). 

8) Proec'cd as in I^art I, noting that cos CAD — — cos CAB. (T 5-e) 

Corresponding formulas for cos b and cos c are similarly derived. 

Part III (Either figure), 

9) Let A.4/i?'C' he polar to AABC. 

Then ( 2 / - 180^ - .4, 1/ = 180*" - B, c' == ISO" - C, .4' - 180" - a. 

10) Apply ® to tlic polar triangle A'B'C': 

cos a' = cos h' cos c' -h sin h' sin c' cos A\ 

11) or — cos A — (— cos B){— cos C) 4- sin B sin C {— cos a) 

12) or @ cos ,4 = — cos B cos C + sin B sin C cos a 

C'Orresponding formulas for cos B and cos C are similarly derived. 

Tims, we hav(‘ the following six formulas which comprise the Law of Co- 
sines of Si)h(n*i<ail Trigonometry, The first three are often known as the Law 
of Cosines for Sides: the last three are the Law of Cosines for Angles. 



cos 

a = 

cos b 

cos c + sin 

6 sin c cos A 


© 

cos 

b - 

cos a 

cos c 4- sin 

a sin 

0 cos B 



(::os 

c - 

cos a 

cos h + sin 

a sin 

h cos C 



cos 

A = 

— cos 

B cos C 4- 

sin B 

sin C cos 

a 


cos 

B = 

— cos 

A cos C 4- 

sin A 

sin C cos 

h 


cos 

C = 

— cos 

A cos B + 

vsin A 

sin B cos 

c 


Use of the Formulas 

Example 1. In Ad AC: a = 40°, h ^ 60°, C == 70°. Find c to the nearest minute. 
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@ cos c — cos a cos b 

log cos 40° 0.S843 - 10 

log cos G0° 9.0990 - 10 

log j: - 9^5833 - 10 


sin a sin /> cos ( ' 

jv 

log sin 40® 9.8081 - 10 

log sin 00® “ 9.9375 — 10 
log cos 70® ^ 9.5341 -- 10 
log 1 / ~ 9.2797 — 10 

if - 0,1904 


0.3831 

cos r — .r “f (/ — 0.5735 




Example In a - 50®, h — 02®, r - 71®. Fiicl .1 to the lunirest rninutG 

iTT) cos a “ cos h cos c 4~ sin h sin c cos .1 

cos a — cos h cos c cos u m 


{'OS ,1 


sin b sin c 


I) 


Cm) 

log cos 62® = 9.671 6 — 10 
log cos 71® = 9.512 6 - 10 
log w — 9.iS2 — id 

m. — 0.1528 


(/>) 

log sin 62® 9.9459 ~ 10 

log sin 71® = 9.9757 - 10 
log D = 97^x0 Z ] () 


(cos A) 

cos 50® — 0.6428 
til := 0.1528 
N u I n ri 1 1 ( ) V “ ( ) .4 i )( )0 

log ;V 9.6902 - 10 
log /) = 9.92 Hi - 10 
logco.sZ = 9.7686 -To 


,4 = 54 « 4 ' 


Note: In case one or more of tlie ])arts given is ohfus'c, n^uHNnlxa* tha,t tlie cosines of 
such quantities jire negative, and Iieiux^ ta,ke ca,re to allow for this in doing th<^ <aunputa,tiori. 

For exami:)Ie, suppose that in solving a AABC for a you iis(‘ th<‘ foranula.: cais a ~ 
cos b cos c H- sin b sin c cos .4. Suppose tha.t b < 90® nlnl that, c > 90® a,nd A. > 90°. 
Then cos h, sin b, sin c are eadi x)ositive, l)ut cos c and cos .4 ar<‘ (*uc.h iu‘ga,tive, I!etic.e, 
cos a wall be negative, and a itself will be obtuse. 

cos a = (*.os h (!os c A~ sin b sin c cos *4 

~ (— ) + (—) 

- (-) 


EXERCISES 

Group Thirty-nine 

In the numerical problems solve for the recpiired parts to tlie nearest minute. 

1. Given: b = 62° 48', c = 81° 20', A = 50®. Find a. 

2. Given: = 120® 54', c - 88®, B = 46® 365 Find b. 

3. Given: A - 130® 22^ C - 105® 30', b = 125® 15'. Find B. 

4. Given: A = 25° 42', B == 40® 42', c - 152® 32'. Find C. 
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5- Given: a — 23'’, b = 62°, c = 71°. Find A and B. 

6. Given: A. = 65°, B = 78°, C = 58°. Find b and c. 

7. Given: a = 100°, b = 110°, c = 115°. Find B. 

8. Given: A = 121°, B - 117° 30', C = 135° 15'. Find c. 

9. Given: a = (>7° 32', b = 110° 40', C = 52° 18'. Find c and .4. 

10. Given: .4 - 125° 12', B - 105° 30', c = 120° 34'. Find C and h. 

11. In AABC, CD is a. median.^ a == 50°, B == 62°, c = 80°. Find: 

(a) the mnnl)er of ^^j»;rees in CD; 

(])) tlio len.i;'tli of DD if the raxlins of tlie sphere is 10 inches; 

(c) the nuinber of decrees in ZCDB. 

12. In j^ABC, CD bisects C and meets side c at D. C — 100°, CD = 78°, b = 57°. 
Find A D and ..4 . 


13. In AABC, CD bisects C and meets side c txi D. 6 == 70°, AD — 53°, CD = 62°. 
Find C. 


C 



D 

Fig. 270 


15. Prove tliat in any spherical /\ABC: 

cos a cos 6 — sin a sin h cos A cos B 

(‘OS C — ; : —r — 

1 — Sin a sm b sin A sin 


(Solve for cos C in formulas (© and Equate the two expressions for cos C, and 
solve for cos c.) 


245. The Law of Sines. Let AABC be any oblique spherical triangle. 
Draw the altitude h. 


Paht I. h lies within AABC (Fig. 271). 

1) In AC DA. : sin A. sin h ~ sin h ( c\ \ 

In ACDB: sin B sin a = sin h 

2) sin A. sin b = sin B sin a. 

. ^ sin b sin a 

sin B sin A 

4) By drawing another altitude prove: == 

olil blXl L/ 
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Part IL h lies <)utsi<l<‘ AABC 272). 
5) Proceed as in Part I, noting tluit sin Z(WI) — sin ZtM/?, 


Therefore, we have: 


sin a sin b ^ sin e 

sin A sin B sin (* 


(T 5-d) 


The Law of Sines does not povsstvss tli(‘ |)r<'cision of the Ijaw of P’osines in 
that the part to be found by tins forniuhi is eha!-a<*t,(‘riz(‘d by its sine, and may, 
therefore, have hvo possible values. In practical application, <‘S|)(a‘iaIly in 
problems having to do with the Earth’s surfac<‘, it is ginun-aJly known Ix'fore- 
hand whether the part sought is acute or ol>tust‘; and herua^ t ln^ usi^ of the Law 
of Sines leads to no ambiguity. If, ho woven’, soini^ test ns lu^tMled to det<‘nnine 
whether the part sought is acute or obtuse, one or more of tlu' relations of § 243 
may be applied. 

Examples 3 and 4 illustrate the use of tlu^ Law of Sim‘s in (*onj unction with 
the Law of Cosines. 


Example 3. Given: a = 142°, h — 68°, C = 147°. Solvt' tlu^ triangle. 
1) Find c. 

By Law of Cosines: cos c = cos a cos b -p sin a sin h cos C 

—r ^ )(--|--) 4“ (4“)(4*)( *“’) 

= ( — ) -P ( — ) 

(-} 

Solving: c = 140° 4:r. 


9.789:^ - 10 
9.7:k)l ~ 10 
9.5254 
9.8015 - ^0 
9,72:i9”~""l0 


2) Find /I. Use Law of Sines: 

sin a sin C sin 142° sin 147° 


sin A 


sin c sin 140° 43' 

A =31° 58' or 148° 2' 


log sin 142° -■ 
log sin 147° = 


By §243™-!: n > c; 


log sin 140° 43' ■- 
log sin A = 

4 > C. discard the value 31° 58' 


.4 = 148° 2'. 
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3) Find B. Use of Sines: 


sin B — 


sin I) sin 
sill c 


sin 68° sin 147° 
sin 140° 43' 
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log sin 68° = 9.9672 ~ 10 
log sin 147° = 9.7361 — 10 


B 52° 54' or 127° 6' 
By § 243-\’': 180° B > A. + C. 


9.7033 - 10 
log sin 140° 43' = 9.8015 — 10 
log sin B = 9.9018 — 10 
discard the value 52° 54' 


B = 127° 6'. 


4) Check. Use any of the foriuulas ®-@ which involve the parts obtained. 

Example 4. Given: A. = 150°, B = 123°, c = 137°. Solve the triangle. 

1) FmdC. 

By the Law of Gosines: cos U = — eos A cos B + sin A sin B cos c 

= “ (-)(-) H- (-f-) (+)(-) 

(-) 

Solving: C = 141° 7'. 

2) Fmd a. Use the Law of Sines: 

sin A sin c sin 150° sin 137° 
sin a = . 

sin C sin 141° 7' 

Solving l)y logarithms: a = 32° 55' or 147° 5', 

By § 243-1: A > C; a > c, /- discard the value 32° 55'. 

a == 147° 5'. 


3) Find h. Use the Law of Sines: 

. , sin B sin c sin 123° sin 137° 

^ = sin 141° 7' 

Solving by logaritlims: h = 65° 42' or 114° 18'. 

By § 243-11: a -h 6 H- r < 360°. discard the value 114° 18'. 

h = 65° 42'. 

4) Check. See Exaini>le 3. 

Note: In |)rol)lenis like tlie preceding, when the last two parts are being found it may 
be ex|)edient to postpone the testing of values by means of § 243 until both parts are 
calculated. Thus, in Example 4, if we had solved for b before solving for a, there would 
have l)een no direct way of making the correct choice of values. 

In Examples 3 and 4 we could have used the Law of Cosines for finding each part if 
we had wished. But (|uite obviously the Law of Sines is simpler to manipulate wEen 
§ 243 is at our dis|)osal for testing results. 

246. The Six Cases of Oblique Triangle Solution. Chapter Thirteen gave 
us the following facts: 

On any given sphere two spherical triangles with corresponding parts sim- 
ilarly ordered are congruent if : 

(1) two sides and the included angle of one respectively equal 

two sides and the included angle of the other (Ex. 9, Group 21) ; 
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(2) two angle's :uk 1 tlu' inchuk^d sid(‘ of ori(‘ r<‘sp(‘c( iv(d\^ (Hiual 

two angles and tlu‘ includeai sick' of tin* othc'r (lOx. 10, (Jroup 21); 

{?>) tlircn sides of onc' (uiual thrcM' side's of the' olher, !•c‘sp('e^iv<‘ly (§ 2()(>-B); 

(,4) three angles of one (‘Ciual thrc'e angle's of tlic' otkc'r, rc'spca'l iveiy (Rx. 12 
Cl roll] ) 21). 

In consecinenee, we may stMtc'.* 

(hie and only one sj)h(‘rieal t.riangle (if any at all) is <k*t(‘rnhm‘d if any one 
of the following eoinl}inat.ions of pa.rts is givc'n; 


Cme 1. Two side's and the ine4uek‘d angle*. (SAS) 

Caw 18, Two angle's and the ineluek'd side*. (ASA) 

Caw S. Th !*('(' side's. (SSS) 

Case Jf. Three angle's. (AAA) 


A study of Exam[)les 1-4 just, pre'se'iite'd re'VC'als that (he* Law of (losines 
and the laiw of Sine's together with § 242 are* suilk*i<*nt for oeir nt'(*ds in solving 
an obliejne spherienil triangles falling unck'r any one* of tht'se* four ease's. 

The two remaining eases aren 

Case S. Two sides and the angles opposite one of t he'se'. (SSA) 

Case 6. Two angles and the side e>p|)e)site one' e)f t lu'se. ( AAS) 

In each of the^ eases, 5 and (>, there may be' one or the'i'e' ma>' he' two triangles 
(if aity at all) wliich will satisfy tlu^ give'n eonditions. It is ejnite' possible* to deml 
with these cases immediately if it is ek'sirc'd. For <'xam|)l{‘, in (4as(* 5, suppose 
that we are give'n a, h, B of a Ad/iCC Using §§ 245 and 242 we* etm de‘t(n*mine 

the value or values of A . Next, w'e ean use the forenula of Kx. 15, ( lrou[> Tlurty- 

nirie to de3termine the corre^sponding value' or value's of r. L'inally, we* e*an use 
§ 244 to determine C. The last two parts, c ttnd C', can also be* found in the 
following way: drop an altitude from vertex C, thus ere'ating two rigid, tri- 
angles; work witli these right triangle's, and eomhiru* re'sults to obtain c and ( 7 . 
But it is perhaps advisable to postpone a diseu.ssion of the* ('(unple'te' triangle 
solution in Oases 5 and 6 until the suppleunemtary formulas of Ohapter Eighte^c^n 
are ace|uircd. 


EXERCISES 


Group Forty 

In Exs. 1-16 sedve tlie triangle (Hnnijletcly from the pfirts giveni, 01>tain re*sult.s to 
tlie nearest minute. 

1. a = h ^ 4(F, C - 

2. a = 4(r, b = 5()A 6* = 43A 

3. A == 59° 17', B - 76° 11', 0 - 80° 32L 

4. A =- 76° 22', B - 42°, c 106° 12'. 

5. A == 87°, B = 74°, C -= 96°. 

6. a - 64° 16', b = 57° 12', e; == 100°. 
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7. a = 12()°, b - 151°, C = 140°. 

8. B = 30° 30', C = 121° 25', a = 41°. 

9. 6 = 100°, <• = .58°, A = 108°. 

10. A = 34° 35', li = 39° fJ', C = 136° 45'. 

11. a = 10.5° 10', b = .50° 20', c = 62° 28'. 

12. A = 132° 4', /I = .53° 17', c = 72° 5'. 
i;}. a = 118° 17', r = 71° 14', 71 = 51° 40'. 

M. A = 118° 5', 71 = 128° 10', (' = 78° 40'. 

15. a - 62° 8', b = 41° 30', r = 98° 42'. 

16. C = 110° 15', .1 = 146° 10', b = 12.5°. 

In E.kk. 17-23 use th(! Liiw of Sinew to find the part required. Refer to § 243 to de- 
termine the nuiuher of .solutions in oaeh instance. 


(Hrcn Find 


17. 

b = 

= 100°, r 

= ( 

]5°, B 

- 97° 


C 

la. 

A 

= 133° 9' 

, (' 

= 141 

° 36', c - 

126° 41' 

a 

19. 

a ■■ 

« 42°, b - 

= 119°, .1 

- 30° 


B 

20. 

B 

= 21° 3()' 

, (' 

= i4ry 

° 12', r - 

135° 45' 

b 

21. 

a ■ 

- 125° 30 


== 08° 

42', A = 

57° 10' 

B 

22. 

A. 

= 72° 50' 

, >>' 

- 82° 

, a = 123 

o 

h 

23. 

a 

== ()2°, B 

= 

142°, h 

-- 152° 


c 
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SPHERICAL TRIGON()METR\ : \l‘PI.[< .Al' 


Ih th(‘ ])r(\s(‘nt eha|)ttH** \v(' shall ap|)ly SplKaical to the sohi- 

tions of such pr()])](‘ms as findinf!; th(‘ si)ht‘ri(‘al distarua^ two known 

points on tlu* Earth’s surface, dt^ten-nuning: tin* positi<nis and cours(\s of ships 
which arc assnnnxl to l)e sailing along the arcs of gnnit <*ir<*les, and so on. At 
the end of the chapter a brief discussion of tlu* c(d(‘stiail splu‘r<* and its relation 
to the Ehirth reveals further applications of s|>hericul tria.nglc‘ solution. Jk‘fore 
commencing the study of Chapter Sevente(*n r(‘view § 11)7 in whi(di such terms 
as latitude, longitude, nautical 'mile, knot are defiiu'd. 

247* Ship’s Course. True Bearing. Let NAS he* tlu* nun-idian through a 
point A; let the ship’s i)ath from A l)e the great cireh* a.i’e AH (Figs. 273-275). 
The ship's course f)umi A is denoted l)y the* sp>h(*ri{*al angle NAH. Tlnis, in 
Fig. 273 the ship’.s course from .*1 is Oif; in Fig. 274 the* course* is 130®; in 

N 



Fig. 275 the course is 250°. The angle defining the ship’s eourst* from A lias for 
its initial side the meridian arc AA^; the angle is geiK*rated in a (‘loc‘kwise stnise, 
liaving for its terminal side the arc AB, 

* If it is thought desirable for tlu? student to acquire more extensivt* te(’hni<|ue in triangle 
solution, the formulas of §§ 251-255 of Chapter Eighteen may studi(*d Ixloix- taking up the 
a,l>plieati(>ns of (diapter Seventeen. These suijplementary formulaH shorten tlu* computation 
in some instances; and in all eases they are ideally adapted to logarithmic computation. 

176 
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^ S 

Fm. 274 Fig. 275 


If B is a ship’s path, the angle NAB is also called the true 

hearing of B from A. 

In the prc'ceding illustrations the ship’s course from A, or the true bearing 
of B from -4, can be expressed as follows: in Fig. 273: N 60° E; in Fig. 274: 
S 50° E; in Fig. 275: S 70° W. But this method of defining course or bearing is 
not so common in modcrrn practice as the method first presented. 


Example 1 . A and i?, two points on the Earth’s surface, have the following positions: 
A (lat. 30° N, long. 80° W), B (lat. 40° N, long. 50° W). 

(a) Find tlie distaru*e -4i? in nautical miles. 

(b) If a ship sails the great circle route from A to B find the ship’s course from A, i.e., the 
shiji’s starting (!ourse. 


In Fig. 27(), .*V and S are respectively the 
north and soutli iioles; g is the Meridian of 

Greenwich (prime meridian); NAS and NBS 
are the meridians tlirough A and respec- 
tively; e is the ecpiator. 

KA - 30°; -4*^ = 60°. 

FB = 40°; /. BN = 50°. 

ET = 80° and FT = 50°. i? - 30°. 
That is, si)h AANB - 30°. 

Note, Arcs AN and BN are called the 
eo4aMtiides of A jmd B, respectively. 

Spli ZANB is called the difference in long- 
itude for A and B. 



Our prol)lem seems to be concerned with Fig. 276 

si)h AAiVi^ in which b = 60°, a — 50°, 

N = 30°. We are to find the length of n in nautical miles and the number of degrees in 
angle NAB, 

' By § 244, 

Solving: 


cos n = cos a cos 5 + sin a sin b cos N. 
n = 26° 22'. 
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But one nautieal nnle in the length of oiu* mimitf* of arc of a p;reat circle (§ 11)7). 

AB — 20(h0) 4' 22 — 17)82 nautical iniltss. 
win a sin N , , . , , 

By ^ 245, Hin A — . - Il<‘re .4 must acuttu 

Solving: A - 59° 

the ship’s starting (‘ourse is 7)9° 

In practice it is usually a-ppanuit \vh<‘ther .1 is acuta* or ohtusi*. Iliuice, for 
the most part no anthiguii.y n*sults from finding .1 l>y flu* Law of Hiiuss. Wlieii 
A- turns out to ix* mau’ly 90°, !jowev<‘r, it may ht* umauiain wluhhtu’ A is actually 
aciiUi or ol)tuse. In this cas<‘ th<* followingJ<*st may he ma.de. Sot up a, right 
triangle having as lt*gs tlte given value* of AM and tin* {*onipuj(*d vahm of /l7i 
Solve for tht^ hyp<)i<*nus(* // by Na.{)it‘r's liuh* (cos Ii <*os AM cos .!/>'). ff h 
turns out to l)e (frealvr than the^iv<‘n vahn* of A7L Iheii ,4 must lx* mudv; if/; 
is lesH than tlie giv(*n vahn* of N B, th(‘n .1 must lx* oldtisi*. 

If in Example 1. tin* tire AB is iuterpre'texl as a ship’s route, tlu*n, as lias al- 
ready been statixl, the* angk* AM/>* is tin* ship’s (’oursc* out of A or the sliip’s 
starting (xmrse if tlu* sliip is moving from .4 to Bj^ I’he ship’s course at B, i.e., 
the ship’s /Err/s/mn; course is tlu* angle* fornu*d by NB and ( h<* proIonga.tit)n of AB. 
In Exam|:)le 1 the ship’s finishing course*, th(*r<‘for<*, is tin* supph'inent of angle 
NBA, If the ship sails fi’om B to .4 its starting course js tin* n‘flf‘x angh* A7L1, 
and its finishing course is the rcfh*x angh* fornu'd l)y AM and the |)rolongation 
of IM. 

In the example just discussed ixjints A and B ^y^nv <*hos(*n in tin* northern 
hemisphere. Had d and B both b(‘(‘n in tin* soutin*rn ln‘mis|)!n*r<* (south of 
tlic equator) tin* usual i)rocedure would b<* to woi*k with A\ASB instead of A. I NB. 

In each of the following pro])Iems assunu* that all <listan(’<*s and ship routes 
arc great circle aix^s. Disregard an\' ehang<* of time ns tin* ships travel fi’oin 
one locality to another. Obtain distances in nauti<‘al milt's, giving n*sults to 
four significant figures. Find angitis or arcs to tin* tn*art‘st minutt*. 


EXEIUJSES 


Oroup Fortg^onc 

1. Given: A. (hit. 10° 30' K, long. 20° 15' W), B (hit. 70°25'X, long. W). Find: 
(a) distance, yl/O (1)) shipX course from A if it sails from *4 to B. 

2. Do tlie same as in Ex. I, assuming A and B as follows: A (lat. 10° 20' X, long. I3tf F), 
B (lat. 41° 23' N, long. 124° \V). 

3. Find tlie distance from San Fran<*is<x) (lat. 37° 32' N, long, 122° 13' W') to a i>oint 
near Pearl Harl>or (lat, 21° 20' N, long. 158° W'). 

4. Find tlie. distance from Los Angeles (lat. 33° 43' N, long. 118° 1 7) MV) to Manila 
(hit. 14° 34' N, long. 120° 57' E). 

r>. Find tlie distanee from Dakar (lat. 14° 40' N, long. 17° 25' W) to Ilalifa.Y, N.B. (hit. 
44° 35' N, long. 03° 28' W). Fiiul the true bearing of Halifax from Dakar, 
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6. Fiiicl tlie (listMiice from SiintM Biirhara, Cal. (lat. 34‘" 24' N, long. 119° 43' W) to 
Sydney Bay^ Australia (lat. 29° 4' S, long. 167° 58' E). 

7 . Find the distain^e AB if A (lat. 32° N, long. 120° W) and (lat. 45° S, long. 75° W) are 
the given {)oints. 

8. Given: A. (lat. 00° S, long. 65° W), B (lat. 30° S, long. 60° E). Find AB, 

9. A eruiiSer at PortHinouth, N.H. (lat. 43° 4^^ N, long. 70° 44' W) has a rendezvous with 
otlier war-.shij)s at a [joint A. (lat. 30° 20' N, long. 30° 30' W) at 10 : 00 p.m. on May 6. If 
tlie (u-uis(?r (\*in average 30 knots, at wiiat time should it leave Portsmouth in order to 
reach its destination exaetly on time? What course should the cruiser set out of Ports- 
mouth? 

10 . A ship’s (M)urse from A. (lat. 45° N, long. 60° 10' W) is 120°. The ship averages 25 
knots. Fiml the shi[)’s [josition 60 hours later when it has reached a point B. 

11. In ICx. 10 fiml the slii[)’s course at B. 

12. A sln[) av(:Jraging 20 knots leaves Boston (lat. 42° 23' N, long. 71° 4' W) at 6 : 00 p.m. 
on June 1. Its starting (a)urso is 1 10°. Find tlie ship’s position and course 48 hours later. 

13. A sliip sjiils from A (lat. 0°, long. 50° W) to a point B (lat. 50° 10' N, long. 10° W). 
Find the distance AB. (lOxtend NB to cut the equator at a point C. Note that AACB 
is a right triangle.) 

14. In PjX. 13, if the ship returns from B to A what is its course from B? 

15. In Ex. 14 find the shi[)’s latitude when its longitude is 20° W. 

16. In Ex. 14 find the shiij’s longitude when it reaches latitude 15° N. 

17 . In Ex. 14 find the position of the point which is mid- way on the route from B to A. 

18. Given: A (lat. 36° 50' N, long. 76° 12' W), B (lat. 48° 20' N, long. 5° 10' W). Find: 
(a) distance AB; (1)) star-ting course of a ship sailing from A to B; (c) finishing course 
of the sanie ship. 

19. In ]<]x. 18 draw AM’ [xn’[)endiculMr to AB meeting AB at V. Calculate the position 
of F (Fig. 277). 




Note. The point V of Ex. 19 is called the vertex of the great circle route from A toB. 
The altitude AV of course separates AANB into ^o right triangles, and is thus an aid 
in calculating the position of any chosen point on AB. It often happens that V does not 

lie between A and B but on AB extended (either through 4 or through B). But this 
situation offers no difficulty to the student who is familiar with spherical triangle solu- 
tion. See Fig. 278. 
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20. In Mx. 18 fiiul the ln,titini<‘ of the ship wluni its lon^itinh* is o0‘* W. (Ma,ke use o 
rt AN VA or rt AN VB of Kig. 277.) 

21. In Ex. 1 fintl the position (hit. and lon^.) of 

22. In Ex. 4 find tlio iiosition of E. 

23. In ICx. 8 find tlie i>ositon of V. 

24. Two sliips, A and lenv(‘ a point P (lat. 0"", lonii;. oO"^’ W) at fla* sam<‘ moment B 
sailinfi; two-thirds as fast as A. d h^'ives P <»n a course of 2(1'; /»'’>; course from P is 33S°. 
After a. certain lenji;!!! of time the ion^iit.mif' of A is found to he 20'’ W. 1^'ind the latitufle 
of A . 

25. In Ex. 24 find the dista,nce hetwemi tln‘ two ships at tin* time requin*d. 

26. A ship’s ctnirse from .1 (lat. "E S, Iona;. IMfE W') is 22K'\ Mud the lonn;itud(‘ of the 
point where th<i ship cross(‘s the ecpiator. 

27. In Ex. 2() find the slfiphs eonrs(> at tlu^ point w!ier<‘ it crosses tiu* <‘(piator. 

2ft. In Ex. 2(), wlien the ship re;v<•h<^s a. point // on its routi^ th<‘ ship’s course is found to 
be 290°. Wluit is the latitude of />*? 

29. A dcistroyer sailing at an avera|i;e rate of 20 knots l(‘av(\s Nmv \''ork (lat, 4{r28N, 
long. 74° W) on a, course of 102°. It (continues ou this rouh^ for 2*1 liours until it reachoa 
a point A. At A the ship takes a. course of 20° ami lamtiuues on this s(M*ond route fur 
30 houns. At the end of the 30 hours how fa,r is t,Ii<^ destroyer from New York? 

30. Find the position of a point in tlu‘ Ath*iriti(^ 0(a‘an wliieh is 1920 nautical mil(*s from 
Nantucket (lat. 41°23'N, long. 70° W) and the sa=me distance from Vcu'a C’ruij (lat. 
19° IE N, long. 90° 4' W). 


248. The Cosine-IIaversine Forititila. In finding th(‘ grt*;d eireU' distance 
between two points on the Eartli’s surface^ when the positions of thosi^ points 
are. known we used the Law of (lositH^s. (See § 247.) M1ic‘ eonii>utation of this 
distance can be materially lessened by using 


a formula whicli involves haveriiines, and 
which is deduced from the Law of (losiru's 
formula, dlie derivation and us(' of this 
new formula will now be dis(mssed. 

The haversine of an angle 6, Iiav 6^ is 
1 — cos 0 
“2 

DerivcUiori of Formula (Fig, 279.) L(‘t 
.4 (hit. (IF N, long. Li° W) and B (lat. dF N, 
long. IjF W) be two points on the Earth’s 
surfacHu 

Tln^n EA. = di and FB = cE. 



We are seeking a formula for n. 


S 

Fio. 279 
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By the Law of CoKiiies: 

1 ) = cos h cos a -f* sin h sin a cos N 

2) = =h sin sin do + cos di cos cos N, (T 5-a, 5-6) 
the sign before the 1,erm (sin d\ sin d< 2 ) being + or — accordingly as points -.4. 
and B are both qh the same side of the equator or on opposite sides of the 
e(|uatoi-. 

3) • liiiv n ^ _ 1 =F sin di sin d o - cos di cos d2 cos Y 

4) or hav ri — ^ co s do 4^ sin di sin d 2 + cos di cos d 2 — cos di cos d^ cos N 


5) 


1 — cos (di =F do) + cos di cos d 2 (l — cos N) 


6 ) 


cos (di 4- da) 

- 2 


cos di cos da 


(1 - cos TV) 
2 


7) or liav ~ ha,v (di =F da) + cos di cos da hav TV 

or ha\' n = Iniv (da =F di) + cos di cos da hav TV (T 5~h) 

Ilei'c we have tix^ated di and da as purely numerical quantities. If, how- 
ever, wc‘ agrc'c to call the latitude of a point positive if the point is north of the 
eciuator, and negative when the point is south of the equator, then step 7 may 
1)0 written) : 


8) hav n == hav (di — da) + cos di cos da hav TV, 

where {di — da) now represents the algebraic difference of di and da. In 
navigation, tlie symbol is often used for this purpose instead of the sym- 
bol — . 41 le foi-mula. may now be written: 


9) 


hav n — hav (di ^ da) H- cos di cos da hav TV 


This is known a-s tlie Cosin e-Haversine Formula. When tables of natural 
and logarithmic haversines are available, calculation of the quantity n is simpler 
than it is by the Law of Cosines. 

Example ^2, Given: A. (40° N, 80° W), B (30° N, 50° W). 

Find: distance AB, i.e., n, in nautical miles. 

Fc)r inula: hav n = hav (di ^ -|- cos di cos d^. hav TV 

Here di = 40° and - 30°. (di -- da) = 10°. 

Also, TV = 80° - 50° = 30°. 

hav n — hav 10° + cos 40° cos 30° hav 30° 


hav 10° = 0.00760 
a: = 0.04444 
hav n == 0.05204 


= 26° 22' 


log cos 40° = 9.88425 
log cos 30° - 9.93753 
log hav 30° = 8.82599 
log a: = 8.64777 
X = 0.04444 
” 1582 nautical miles. . 
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In the excM‘cis(‘s of ( Irouj) l'\>rty-t wo us<‘ this rnrmulri to t‘oni|mtn tlin splierical 
distance lyetwcaai tlie two jxjints f»-ivt‘n in {‘ach insf ;inc<‘. (’uinputc ar(‘s to the 
nearest rniiuiUi and tinal distanccss in nantii’al niilt's to four si^niti<aint figures 
A pa-rtial table of hav(*rsin(‘s, both logarithnfie and natural, ata'oui|>a,nie8 these 
oxcreises. If 3 a>ur own loga-rithinie and trigonoinct rie tabli's an* four-place 
tables, round off the valiu's givcai in tlu* havr'rsine table to four hgurt's in doing 
your et>in|)uta,ti()n. Sinet* th<*se tabhss an* (*oin{>utt‘ti here for tlu* giviui angle 
read to the near(*st nunul(‘ only, tlu* corrc'.sjjonding; values of the log hav and 
nat liav can vary sonu* from tlu* \ alues whicii an* tahulatt‘d. 


KXKUCISIsS 


(rniup /‘\u‘fl/«lirtl 


1. .'1 (47° N, (i()° \V) 

Ji ((15“ N, ur \V) 

2. A (fiO° N. l()r)° W) 

B (15° N, 90° \V) 

3. A (35° N, 78° W) 

B (30° S, 50° W) 

4. A (45° N, 04° W) 

B (30° S, 30° 14) 

5. *A (35° N, 118° W) 

B (10° S, 150° E) 

6. New York (40° 28' N, 74° W) 
Liverpool (53° 24' N, 3° 4' W) 

7. Boston (42° 23' N, 71° 4' W) 
Capetown (33° SO' S, 18° 29' li) 

8. CliiejiKO (41° 50' N, 87° 35' W) 
Sim Jnan (18° 28' N, ()(j° 7' \V) 

9. Scattlci (47° 30' N, 122° 20' \V) 
Montevideo (34° 53' S, 50° 10' \V) 

10. Nome (1)4° 30' N, 1(>5° 24' \V) 
Manila (14° 34' N, 120° 57' E) 



Ilitvi'rHiiK* 

Tithh* 


Angl(‘ 

bog hav 


Nat hav 

HY' 

7.HS059 

- 10 

0.007(H) 

!2'’ m' 

H. 1 0227 


0.012(58 

IK' 

K. 2880 7 


0.02147 

21“ 28' 

H.5 tOI 4 


0.021(58 

22 * 22' 

S.() 1 280 


0.04101 

2(V' 22' 

8.71024 


0.05204 

2S‘' 

8.7('5725 


0.05858 

29“ 40' 

8,81027 


0.00552 

29“ iitV 

8.82400 


0.000(58 

20“ 

8.82599 


0.00009 

45“ 

9. 1 0508 


0. 140-15 

48“ 

9.21851 


0.10589 

49“ 5C.' 

9.25081 


0.17810 

<»5“ 

9.40042 


0.28809 

(UV" 4' 

9.472(M) 


0.29710 

(Hr 24' 

9.51210 


0.22548 

(»0“ 25' 

9.51255 


0.22550 

52' 

9.51508 


0.22785 

70 * 9' 

9.51879 


0,22021 

70“ mv 

9.52720 


0.22007 

72“ 29' 

9.55529 


0.25925 

75“ 

9.50889 


0.27059 

70“ 19' 

9.58 175 


0.28172 

82“ 29' 

9.02S9S 


0.42459 

89“ 2;H 

9.09555 


0,49007 

02“ 

9.7 1 287 


0.51745 

04“ 

9.72825 


0.524SS 

07“ 21' 

J9.75i 19 


0.50288^ 

19.75128 


0.504 oof 

101“ 25' 

9.77740 


0.59890 

111“ 49' 

9.82010 


0.08574 

inr 21' 

i 9.8 1294 


O.OOSKd 

*! 9.84 298 


0.09820 f 


(An excellent ta,l>ie of haversines for a.ngles from 0"^ to 188® may ])e found in Bovvditch: 
Amermm Practuxil Navigator, or in any statuiard manuai of nuvigat ion). 

* Take (‘are in (*(>mpnting aiiKle N of tlu* formula. 
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249- Sailing the Great Circle Route in Actual Practice- The great circle 
route, bc‘ing tlui shortc^st route between two given points (§ 191), would seem 
tc) be the id(‘Ml ()n(‘, <\s|)(‘e,iaUy if thc‘ voyage to be made is a long one. However, 
any grc^at eirek^ (exe(‘i)t, a, meridian or the equator) crosses successive meridians 
at a constantly changing angle. Thus, if a ship were to sail exactly along a 
great ci review, it.s (a)iirs(‘ would have to be in a state of continuous change. Since 
the probkun of navigating a ship in this manner is so involved as to be prac- 
tically out of th(^ (picxstion, an ai)i)roximation to a great circle route is 
ado|)t(‘d when a, nioi*(‘ or- k^ss direct route is demanded. 

This approximat ion to a true great circle route is achieved by means of a 
succ(‘ssion of short, eurvc‘s or arcs known as rhumb lines. A rhumb line or loxo- 
drornc is a <*.in*v(‘ on tiu‘. I^larth/s surface which cuts all meridians at a constant 
angle. (If a, rhuml) line is (‘xtemded sufficiently it forms a spiral which draws 
evevr neartu' to a |)ok\) Thus, a ship sailing along a rhumb line is enabled to 
maintiiin a fixc'd course'. In approximating the true great circle route by means 


Fig. 280 

of these sticcessive rliiimb lines the ship may, therefore, be kept on one fixed 
course after anothc'r, — t,he length of each of the rhumb lines sailed being 
small or great dc'pcaiding upon the desired degree of approximation to the true 
great circle. Approximating the true great circle route from A to 5 is analogous 
to moving in a plane from a point A to a point B along a series of arcs whose 
extrernitiexs lie on the straight 
line-sc'gmcnt AB (Fig. 280), 
th(^ shorter the separate arcs, 
t,h(' closer bc'ing the approxima- 
tion to the dii'ect path from A 
to B. Obviously, a sliip’s route 
may be laid along a meridian or 
along thc^ c(luator or along a 
l>a,i'a.lk'l of latitude whicli is very 
near th(^ e(iuat()i’; and the prob- 
k'ln of navigatiiig such a route 
is not difficult since tlie ship’s 
cours(^ in (dT('ct may be kept 
eonstiuit. But in general the 
term ‘bsailing tlie great circle 
route” as it is employed in 
practice implies sailing along 
a siiccc'ssion of rhumb lines 
which a])proximate the true 
great circle path. 



Fig. 281 
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In laying out tin* griuit (‘ircle i'oiit<* 
just diseu8W(Hl tlie navigator resorts t o 
two typ('-s of rna|)s or charts: tin* gnat 
circle chart and the i\Jcrcator\s chart. 

A great circle chart (1^'ig. 281} da- 
piets a portion of tin* lOiU'th’s sui’fatu* 
distorted in su(‘h a way that all g!’(*at 
eireh^ ar(js ai>p<*ar as straight liin*s, 
Tims, in Fig. 281, the straight liin*- 
segincuit AB r(*presents tin* gn‘a.t cii” 
do arc coniu'cting tin* (‘orr(‘spon(iing 
points A and B on tin* gloht*. 

On tin* M(*r(‘ator’s chart (h'ig. 282) 
tin* l^lartli’s surface is agaiii pi<*tur(‘<l 
in distortion hut this tinn* of such 
kind that all rluunh lines app<‘jir as 
straight lines. In Fig. 282, which is 
a Mercator’s chart supt)os<‘dly of tin* 
same region as that i)ietin*(*(l in Fig. 281, 



I-’ni. 2S2 


straight line-segnicnt AB rcpr(*s(*nts tin* rlinnih line* conin‘cting tin* corn*s|K)nd- 
ing points A and B on tin* globe*. Fcjiially spac(‘d meridians of tin* Fnrth appear 
as equally spaced straight liru*s which art* j)aralleL lkn’ali<*ls of latiluile appear 
as parallel straight lines which an* pt'rjx'ndicnlar to tin* ni(*ridian lines. Note 


that on the diart the distance's 
between equally spa<x*d |)arall(*ls 
of latitude become greate'r and 
greater as the parallels r(*<‘(*d<* 
from tlic ecpiator. It is impor- 
tant to note tliat the Me*rcator’s 
chart re[)r(>diH*cs all angh*s of the 
Earth’s surface faithfully. For 
example*, in Fig. 282, the* angle* 
DCB formed !)>’' tin* line* AB and 
the meridian m is e*xactly (‘tpial 
to the angle hetw(»e'n the* two eor- 
rc'sponding curv(*s on the* glolx*. 

Example 8. I.My out a great 
circle route* from d (15® N, (>0® W") 
to B (60® N, 15® W’). (Use* Figs. 282. 
284.) 

I ) On the grexit circ‘le clnu-t (Fig. 282) 
lay a straight edge across points 
A and B. If this line is seen to 
pass <‘le‘aj* of any isla,nds or slnails 
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2 ) 


3 ) 


4) 


5) 





in(ii(“itc(l on ilic cluirl then u greut circle route may be used. Draw the straight 
line A/^, renicnilxiring that tliis line represents the great circle arc on the Earth. 
Note the coordinates (lat. and long.) 
of several conveniently situated points 

on AB such as A" and Y. Mark _ ^ 

these On a genuine cliart i I 60° 

eacdi, “square’' liounded liy two par- 
allels and two meridians is sulxlivided 
into smaller “squares” liy dotted 
lines so spacxxl that any {joint may 
be plotted accurately, and the coordi- 
nates of any |)oint already jilotted on 
tlie chai't ca,,n Ixj I’ead accui’titely. 

Now i)lot tlie {joints A, A', F, B on 
tlie Mercat( Ji'’s (‘ha,rt (Fig. 284) winch 
in {jractice is also ruled for accurate 
{dotting and reading. 

In Fig. 284 draw the chords AX, 

XY, YB. lOach of these chords must 
rei>resent a. rliuinb line. These three ■" 
chords taken in succession rejn'esent 
the required route. Here, for sake 
of illustration, only three chords were 
used. 01)viously any greater number 
of chords miglit have been used to "" 
ai){)roximate more closely the true o ^ c a 

great cii'cle if in step 2 a greater 60 45 30 16 

iiumlier of i>oints A', F, etc. had been 284 

tal:>ulated. 

The angles CAA"", DXY, EYB give correctly the courses to be taken at A, X, F, 
rcs{>ectively. Moreover, tlie {positions (lat. and long.) of A, X, F, B being known, 
tlie route is com{)letely determined. On a genuine large-scale hlercator’s chart these 
angles and tlie lengths of the chords (nautical miles) may be read fairly accurately. 
There are, of course, matliematical means of calculating the angles and the lengths 
of the cliords. These methods ^^'ill be discussed after Ex. 6 in the following group of 
exercises. 


-45” 


-30° 
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EXERCISES 
Group Forty-thre€ 

1. Procure a great circle chart of the North Atlantic and the corresponding Alercator's 
chart, and {jractice laying out great circle routes, as for example: 

(a) New A^ork to Plymoutli, England, 

(})) Noi’folk, Virginia to Brest, France, 

(c) Halifax, Nova Scotia to Lisbon, Portugal, 

(d) Ban Juan, Puerto Rico to the Azores. 

2. In Examiile 3 just discussed find by Spherical Trigonometry the true great circle 
distance from A to B. 

3. In Example 3 find by Spherical Trigonometry the latitudes of points X and F, re- 
siiectively. 
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4. A ^j;rea,t circle chart i.-^ niadt^ as folio\\s; tin* j^loLc O'.aiihj i- |4ac<Ml I In a piano 

M at a> iK)iiit 7’ 285). {Auats of Du* s^loLeV; ^airfacc arc ihcu uptai by 

means of rays from tli(‘ c<*nter of t.ln‘ splna-ta I'rovc l*y Stiijil ( li'oiortry lliaf flu* iJitijcH*- 
tioii upon M of aaiy great circle arc ot tlH‘ s{)her(‘ luuNt Lc a straiifht lint* -eLuiuait * 



5. In Kx. 4 descrilje the appearance of tht^ proj(M*tions upon M of the ICartli’s ineridiatis 
wlien T is taken: (a) on tin* e<piator; (h) at either poh*; (c) ueitln*r at a poh* nor on tlio 
equator. 

6. How much of the hairtlrs surfnca* can he d(*|vict(Ml mi a great ctri’le cliart at once; 
half, more than half, or less than half? 


On the Mercator’s chart the* actual munln'r of (legr(‘es in angle is the 

course of a shij) sailing from A along the rhumb litie AH f Mg. 286). llu*refore, 
the course (Z B or Z A. B(*) can lx* found by s<ilvinp la* right t riangli* ACB by 
Plane Trigiiruinu'tr.v, - - |>rovid(Hi that the k‘ngths .If iiid BB vt\n la* expressed 
in the same* units. 


Tlie unit gema’ally ehoscni for this ])urpose is 
a segment eiiual to the length of one minute of 
arc of tlie ecpiator as t.lu^ t*(|uator a4>p<*a.rs on 
t he Mercator’s (*hart. Since*, <m this ediart , a oiu*- 
mimite segment of tlie (‘(luator e*<}uals in lt‘ngth 
a, one-minute segrn(‘nt of a.ny paralkd of latitiak*, 
the number of these units in A(* of Fig. 28b 
must lie th(* siime as the number of minutes in 
the* (lifferciK'e in longitude of A and for A and B. 
h]xi>r(*ss(*d in th(*s<‘ units the length of A (A is 
th('r(‘for(* (75 -™ dOXiO = 27()(). These units are 
<‘alk‘d nuTidumiil parts. In order to express tlie 
lengt h of ("\B in the same units refer to a table of 
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meridional iKUts in whicli the latitude of any chosen point is tabulated in 
terms of meridional [rarts. From the table the number of meridional parts 
M.P., for DB (15°) is 3013; M.P. for DC (15°) is 904. Therefore, M.P. for 

CB = 3013 - 901 = 2109. Hence, tan ABC = ^ i and Z ABC = 52° 1'. 

1 o find the oi Ah in nautical miles it is necessary iSirst to express the 

length of ('H in naiit,i(*al miles. The number of nautical miles in CB is the same 
as tlic^ nurnljcr of minutes in tlie dilTerence in latitude, or (45 - 15)60 or 30(60) 
or 18()(). « 

Therolore, A B ~ ^ — 2925 nautical miles. 

COS O-o X 

The sliip’s course is 52° 1', and the length of the rhumb line route AB is 2925 
nautical niil(\s. 

In ]^]xs. 7 15 calculate the starting course (at .4) of a ship sailing the rhumb 
line A B. Find tlic length of the rluimb line in nautical miles. Use the partial 
tal)lc of mcn'idional i)arts given at the right. 

7. A (50° N, 45° W) 

B (40° N, 28° W) 

8. A (33° S, 56° W) 

B (55° 8, 0°) 

9. A (21° N, 155° W’) 

B (38° N, 124° W) 

10. A (25° S, 128° \V) 

B (45° S, 75° W’) 

11. (34° N, 116° W') 

B (15° H, 135° \V) 

12. d (10° 8, 150° Id 
B (18° N, 167° E) 

13. d (50° N, 157° E) 

B ( 15 ° S, <)0° W) 

14. d (53° N, 180°) 

B (38° N, 124° W) 

15. d (33° N, 81° AV) 

B (48° N, 4° W) 

16. In l^x. 7 find l>y 8})herica.l Trigonometry the great circle distance from A to B. 
C"onii)a,re with the rliiiinb line distance. 

17. Do tliie same in Ex. 15. 

250. The Celestial Sphere. Fundamental to the study of Nautical Astronomy 
is tlie coiuiept celestial sphere. The celestial sphere is an imaginary hollow sphere 
of gigantic size which envelops the Earth and is concentric with it. So great 
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is tho radius of tiiis ima^iiUMl .spiaan^ that by (•oin{>ai'i><>n tho lt*iu»lh of the 
Earth’s radius is a(‘gli«il)I(a Nautical Astronuiuy is nt)t cunrcrucd with tlie 
actual sisie of th(" e<^l(\stial splu'n* but rathia* with f)oiuts Ivina' its surface 
and the solutions (in angular ineasurt') of etuiain sph(*rical trianidc's deteriuined 
by these points. All tlu‘ iHaiveidy bodi<‘s: sun, naam, stars atid planets visible 
from the Earth, are iinagiiHal to lie on the surfaet^ of the <a‘lcstial s{>hei*e and to 
move across its surface. One <d' tiu*s(‘ lu^avonly bodies, eonx enituit ly sei<‘ct(‘d, 
is always taken as oik‘ v(‘rt(‘X of any one of tin* spherieal t riais.a'h's just mentioned. 
Figure. 287 depicts tlu‘ c(d(\stial s})h(‘re with the Earth iu.-ddt' it. ihd't^r to this 
diagram while studying th(‘ following dis<‘ussion. 

J)(\scnption of tJiv Sphen', dlin'o points on tin* ts'lest i.-d splnun* wlii(‘h 

are of (^special intvixssl are: (a) th<‘ pofrs (fitluu’ P or Q), (b) some eonv<‘ni(‘ntly 
chosen aiestiiil body M such as the sun, (<•) a jxdnt Z called tin* ::rnith. The 
celestial pol(\s P a.nd Q ar(‘ did('rmin(‘d by i'Xtonding the limih's axis north 
and south, r(\spe{*liv(‘Iy, to moot the siirfa<a‘ of the eolestial sidu'n*. P is the 
celestial north pol(‘, Q tlu' erlestial south polo; PQ is the er/< sf/o/ u.ris. The hod// J/ 
may be the sun, moon, or sonu* one of t he* stars or jihuuds familiar to navigators, 
The point G which, is directly tindt‘r M (ui tin* I'larth’s .stirface* is callcMl the 
geographic postiion (OP) of AI. Oeometrieally, points d/, t/, G ((‘(mter of tlie 
Earth) are colliiuxir. If A is sonu* giveai t(‘rn‘strial point, tin* z< fifth of .1 is the 
celestial point Z which a])|)(air.s dirt'ctly over .1. Ihjints Z, ,1, G art* eollinear. 

The positions of c(‘U*stiai bodit\s {ind points ma\‘ ix* «*xpr<‘ssed !>>' a (’clestial 
coordinate system virtually corn'spondiug to tin* lat it u<h*»!ongit u<h* systtun on 
the Earth’s surface. Tin* basic lines of ref<‘r(*nc(‘ in oin* sui‘h (’orjnhnati* system 
are the edestial eqimior and the aiestial prime merifiiaN, eaeli t>f which in tuirri 
is determined l)y extending tin* j)lane of llie tej’n*strinl i‘<|uator and tin* iilain* 
of the terrestrial prime meridian to cut tin* surface* of tin* et*Iestia,I spln*rt*. In 

Fig. 287, D'JC'T' is the ceh'stial (*<iuatoir, and PT* LQ is tlie ct*l<*stial j)rime 
meridian. The gcnieral term celestial meridian is used in the same seust* as tin* 
term meridian on the Eartli’s stirfa<‘e. In particular, the celestial meridian 

which passes through the body M is called tin* houreireh' GWJ FIAQ in Fig. 287). 
The sph Zt formed l)y tin* liour circh* and tin* et*h*sfial meridian througli Z is 
(*allcd tlici local hour angle (LlTA) of AJ . 8i)h Z(f> rorm<*d by tin* in air circle and 
the celestial prime meridian is the Greenwudi hour angle {CU I A) of M. Similarly, 
sph Z 6 may be regarded as tin* (THA of Z, (llIA ftu* any e‘elf*stinl body or point 
is measured positively w<*stward up to 3(10® starting at tin* (‘i*ir‘stia,l prime 
meridian. Tn this respect GIIA differs from t<*rrc*strial longitude which is 
mt'asured 180® \vest and 180® east fi*om the prime meridian. Tin* deeUnaiion 
(Del.) of a celestial ix>int is its angular distance north or south of tin* <*el(*stial 
(*quator. Thus, Del. of il7 is iTil/; Del. of is r^. "Nott* tlmt Del. of d/ lat. 
of D, Del. of Z - lat. of d , 

Del. and (HI A are the two cooixlinates of a celestial |)oint in tire (‘oOrdinate 
s\^stem just outlined. Del. and GHA of tln)s<* <‘(*l(*stiai bodi(‘s which are im- 
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Fig. 287 
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portant to iia,viji;at()rs ai‘(‘ list<‘(I in tlu* Nautical Ahuanac |H‘ri<H{i(‘all\' thfoiig;h 
(aich day of fli(‘ year, th(‘ tiin(‘ of day corr(‘sp(HHiin^' to (‘a<’h tabulation l)eirig 
given in ( lr(H‘nwi(‘!i ('ivil Tinua In the Nautical Almanac a 1 )c9. mnlii is given 
witli a, + sign, a I ><9. south with a — sign. 

Anytliing approaching a compI(‘t<‘ ti*eatinent of “time” or “tiim* of day” 
is far too involved to hv given h<‘r<‘. \V<‘ shall mention only om> nu^thod of 

reckoning tiiTK' known as true iitur or <ipp<irrfi( tutu-. \\ Ian tin* hour (*ir(‘le 
of th(^ sun eoin<ad(‘s with tlu* zenith nnaadian of a gt\<‘n t(‘rrestrial point A 
the a|)j)arent time at A is said to lx* 12 :<H) noon. In realit)* tin* tiarth rotat(‘s 
about its own axis in an (‘asteerly dir(*(*tion. 'rin^n^fore, from the \ icwpoint of 
the mivigat.or th<* I0a,rth ap{K*arsto remain stat ionary whil(*thesun mo\a*s a<*ross 
tfu* surface of tlu* c(‘l<‘stia,l splu‘rc‘ in a w(‘st<*rly elirection about tin* lOarth. If 
we assunu* that the* sun makes su<‘h a circuit once* in e'xactly 21 hours, tiu*u 
an incrcaise of 15° in the suirs (ill A must <*orn*spond to an ela|>s(‘ of I hour of 
time since 3()() s- 21 - 15. Thus, in Fig. 2S7, calling M tin* sun, if / is 15° with 
il7 west of Z, the a,p])a,r(*nt tinu* at. .1 is 1 hour aftt‘r noon oi* 1 : 00 If t - 30° 

with Af east of Z the appan*nt time at A is 2 hours before noon or 10:00 a.m. 
The apparent timeatvl, th(‘refor(‘,is knowii if tlu* nuinl u‘r of d<*gn‘t‘s in t is ktiown, 
jI/15 being the iiinnh(*r of liours before or aft(‘r noon aeconlhigly as .1/ is (*ast or 
WCASt of Z, 

In Fig. 287 spli APMZ having as sid(*s tlu* nu*ri(lian arc's I*Z and I^M and 
the great circle are ZM is ealh'd tlu* astronomiedl iri(}n(jl<\ B\‘ sedving tliis tri- 
angle when thr(*(‘ of its ])atdu arc* availahk* a na\'igator may determine Ids sliiji’s 
latitude and longitiich*. is (*a.ll(‘d the* polar disi a net' of tlu* body 3/, a ti‘rm 

\\hich must not l)e confused with tlu* d<*tinition of polar distance* given in § 188. 
ZAI is the zenith diMance of M . 8pli Z PZM is tlu* azinudh of .1/. It is important 
to note that A/AI/Z is c*xaetly tlu* same as tlu* AAY/.t on flu* hiarth, angular 
m(*a.sure l)eing ini|)lied. One* triangle is rt'ally tlu* |)roj(‘etion of tlu* (dher. 
h/ith(*r of tlic'sc* t ria,ngl(*s may lx* thouglit of as t he* astrouomiea! t riangle. R(*<‘a,ll 
that, in eflect, it was AATAl which was u.s(*d in §§ 217, 2 IS t(» solve* |)rohle*rns 
involving te*rre*strial gre»a.t cire*Ic‘ distane*e*s, positions, lx*arings, <*tc. 

Tlu* greait ciiclc HHFJKL whi(*h htxs Z for a pole is kmnvn as the* vtiesfial 
horizon witli r(*fe‘re*nce to A. Cde*I(*stial horizon must not lx* e*onfuse‘d with the 
'Sdsilile* horizon” which is tlu^ a,|)pa.re‘nt line* of se*parat ion ejf Farth from sky as 
seen from aboard sliip. Tlu* |)lan(* of the* ee‘le‘stial liorizem passe*s througli O, 
while* that of tlie visible* heirizon is paralle*! to tlu* e*e‘l(‘stial horizon lx*ing the 
plane* of a, small cire‘Ie of tlu* Farth. In Fig. 288 V is the* vyo of an ol)se‘rver at 
.'1 , Z is the* ze*nith, 3/ is a. e.e*le^stia,l luxly. t' and D are* points of conta,e*t of 
tange nts to the* Earth from \ \ and Cl) rei)r(*.st*nts the* iilane* of tlu* \*isil)le* horizeni. 
EF is tlie* plane of the* ce*lostial Imrizon. llu* aUitnde of t he* body 3/ is its angular 
distance above EF, viz. Z d or EM. Altitude of 3/ is its splu*rie’al distance from 
the* {‘e‘Ie*stial horizon. The* altitude* of M can he eihtaineu! l>y dire*et obse'rvaticm 
with a s(*xtant. The* angle* if/, tlu* angle eif c*l(*vat ion {virtualh*} eif 3f from F, is 
not(*d. A suitalile* eeirrection from tables is tlu*n ap|>Iii*d to the* re‘a<ling to 
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Fig. 288 


(>l)tain the nuiulxn* of (l('p;roes in the required Z 5 or EM. Returning now to 
Fig. 2S7 \v(‘ not<‘ tliiit Zli must be a quadrant since Z is a pole of HEFJKL. 
im is th(‘. a.ltitud(‘ of A/. Therefore, for any visible body M : altitude + zenith 
distaiuH' ■= 90° always. 


EXERCISES 
Group Forty-four 

1. In Fig. 287 sliow that the angle 0 equals the longitude of A if 6 does not exceed 180'=’, and 
that dhiy" — 0 (Miuals the longitude of A if 0 does exceed 180°. 

2. Fiuatlu-l(>nsitu(l<M)fap(.hit,/l ifthcGHAofitszemthis70“; 130°; 180°; 260°; 320°. 

P’iiKl tlu^ CillA of the miith of A if long. A = 30° W; 40° E; 180°. 

4 r\w longitwh! of A is 75° W. Find the apparent time at A at the instant when the 
.ti,rinn.t tin'i' at (Ir.Hmwi.-h is 8 :00 a.m.; 12 :00 noon; 6 :00 p.m.; 12 :00 midnxght. 

5. Do I’lx. 4 iissuniing that long. A = 135° E. 

6. Wh(>n it is 8:00 a.m. at New York (long. 74° W) what is the time at Greenwich? 

7. In tlu' .•>.», ernoon tlie LHA of the sun relative to a given point A is 22° 30'. Find the 
appa,r<ait time at A. 

8. In the forenoon the LHA of the sun is found to be 55°. mat is the apparent time at 

the giviiu point? 

9. At the same insta.d the apparent time at A is 10:00 th^^* " 

1 : 00 PM. Find the GHA of A’s zenith and hence find the longitude ot A. 
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10. Find tiie lonf^itudn of a. point H if at th<‘ sana* instant tii<‘ appanap timo at B in 
3 : 00 r.M. and tliat at ( Irtaaiwich is (> : 0(i a.m. 

11 . Wlieti tlu* apparent time at ( 5re(*ii\vi{*h is 12 : 00 niidnifi;fit wfiat is tlie Iotre,itud(‘ of a 
point A at whieli tlie api>a.reut time is 12 : 00 no<in? 

12. If A is in the western hemisijtiere, and if T n^prestads tli<‘ nunilHO' nf fiours before 
or after a|)|>a,i‘ent rioon at /I, sIk>\v tiiat: 

(a) lonj;. A ™ (If)'/’ + (iHA of siin) if sun is east of ,1 ; 

(b) long. .4 = ((MIA of sun — 1 ">7’) if sun is \v(‘st of A. 

13. If yl is in the (eastern hfanisph(‘n‘, show that. 

(a) long. A = (300 — 137’ ™ (MIA sun) if sun is east of .1; 

(b) long. -4 ™ (3(>0 (MIA sun -f- 137’) if sun is \v<‘st of A. 

14. Find the ziunth distance of M if tb(‘ altitude^ of M is 33", 

13. Find the iK)hir distanet' of M if Del, 4/ is 20^’ N. 

16. Find PZ of the. ast ronomieal triangl<‘ if lat. ,1 40'^ X. 

If the. of .4 is known togetluu- witli tin* drriindliifN aiid (iltihidc of the 

sun, then all tlircc* sld(*s of the astronomical trimigle PZM are r(*a<iily found. 
Angle / may then be found by Spherical Trigononu'! ry, and heiua* tlu* (tpparerd 
time at /I, either forenoon oi' afternoon, <*an be found. 

17. Find tlie n{)i)arent time at -4 from the <lata,: lat. .4 - 49" X, Del. .1/ = 20® X, alt 
M =» 35®, observation lieing ma,de in the afternoon. 


In Exs. lS-21 find the apparent time at the pla,ees indjeatcMf 



Lai. of place 

Del M 

AH. M 

A.M. or P.M. 

13. 

Santiago (19® 57' N) 

22® N 

30® 

P.M. 

19. 

Dulilin (53® 23' N) 

15® N 

40® 


20. 

Chicago (41® 51' N) 

20® N 

50® 

P.M. 

21. 

Alelliourne (37® 50' S) 

18° N 

20® 

A.M. 


22. llefcnhig to Fig, 287 derive the formula: 

liav t = CSC p see d sin .s* (*o.s (,s‘ - h) ^ 

where t — LHA of A/, p — pohir distarna* of Af, d -- latitude* of .1, h altitude of Af, 
,s‘ = ^(p 4- f/ -p h), TThc Law of (losines, definition of havc'rsiiH* (§ 248), 'rr> !>, O -a,, iDb. 
This formula can be used to jid vantage in problems sucli as j'lxs, 17 21 pnumding. 

23. Do Ex, 18 by this fonnula. 

2‘t. Do Ex. 20 by this formula.. 

The apparent iinie of mwrise or svrmd at a given point /I c*a.n be found easily 
if tlie laMtude of A and the deolmation of the sun are known. At mmim or sunset 
i.he attitude of the sun is assumed to he 0®, Then^forc*, the zenith distaiKm ZM 
will be DO®. S|)h AFZM' is then seen to he a (piadrantal triangh^ whic*Ii (am he 
solved foj' angle / l)y the methochs of § 242, or by t.he Law of (Aisines, or by the 
formula of Ex. 22. 
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In INs. 25 28 find the n,p])a,reiit time of sunrise or sunset as indicated. 

25. Sunrise at INjrtland, M(‘. (43° 39' N), Del. sun = 18° 11' S. 

26. Suns(d. at New Orleans (29° 58' N), Del. sun = 23° 2' S. 

27. Sunrise at Pin d(‘ Janeiro (22° 54' S), Del. sun — 20° 40' N. 

2JS. Suns(4. at San laiis ()l)is|)o, Cal. (35° 10' N), Del. sun = 23° 9' N. 

I h(‘ lat ol :i jooint A is readily determined by a noon observation of 

tiu^ sun, i hv. sun’s dtadinatlon being known. At 12:00 noon, apparent time, the 
sun 4/ a,i)i>(‘ars on th(‘ zenitli meridian of A. Hence, by direct observation the 
zcuiit h disi.a.n{‘.e ZM (^an l)e determined. 


29. In Pig. 287 \'isualiz(‘ Af moved over to the zenith meridian. Representing the zenith 

dista,n(‘c^ ZM I)y z, show tliat: 

(a) bat. A “ Del. A1 + z, if lat. A > Del. M and if lat. A and Dcd. M are of the same 
naiue. (La,titud<‘s or (kalinations are said to be of the same name if both are measured 
north or l)oth a, re UH'asurcMl south. If one is measured north and the other south, 
tli(‘y ar(‘ said to he of different name.) 

(b) bat. .1 =■ Del. M — z, if lat. A < Del. ilf and if lat. A and Del. M are of the same 
na.ni(\ 

(c.) Ija,t. .4 = z — Deb Af , if lat. A and Del. Af are of different name. 

39. Id ml tlu‘ latitude of a. point A by noon observation of sun from the following data: 

(a) z == 20° 10', Deb ~ 18° 5' N, lat. > Deb and SJime name; 

(1>) z - 0° 45', Del. - 23° 12' N, lat.‘< Del. and same name; 

(e) z = 03° 10', D<‘l. ~ 22° B, lat. and Del. of different name; 

(d) z — 18° 30', Del. = 15° B, lat. > Deb and same name; 

(e) z =» 12°, Del. = 22° 45' B, lat. < Deb and same name. 


Wlicm tlie ol)Her\xxl ])ody Af is not on the celestial meridian of the observer, 
i.(\, not on tlu^ zenith meridian, the latitude of A can be found from the astronom- 
ic*, al triangh' I^ZAf provided that the altitude, declination, imd LHA of M are 
known. If tlu^ tlvree latter (pian titles are known th^ ZAf, FAf, t of /APZAf are 
at onec^ devtermined. 13y SphericajCrrigonornetry PZ can then be found. If A 
is north of tlie ociuator, lat. A = (7z = 90° ~ PZ; if A is south of the equator, 


lat. A ~ PZ — 90°. In either case the latitude of A is 
known if PZ is fii-st found, A method of calculating 
PZ is illusti-ated by the following example. 

Civcm: yl north of the equator; for a certain star Af: 
Deb = G(T N, alt. := 40°, LHA == 45°. 

Find tlie latitude of A. ^ 

Binee Dd. Af - 60° N, PAf = 30° (cf. Pig. 287). Since 
alt. =- 40°, ZM - 50°. t - 45°. 

From Af draw altitude Af W in sph APZM (Pig. 289). 

Aptilying Napier’s Rule to rt APWAf: 

= 22° 12'. Also, MTF = 20° 43'. 



Again, in rt AZWM: - 46° 35'. 


Fig. 289 



I‘)l S()IJ1) AND SPinXUCAL I'HKJDNO.MICnn 

^ PW + \VZ^ 22°12' + 4(r 35 ' - iSS^ 47'. 
hit. /I, = 90° - = <)()° - 0)8° 47' = 21° 13' X. 

In Exs. 31X14 find the latitude of .4 from t,lu» M(*eompanyin.ti!: <lnta. 



Heniispherc 

DcL M 

All, M 

Ul A of M 

31. 

nortli 

00° N 

20° 

50° 

32. 

nortli 

15° N 

22° 

72° 

33. 

south 

23° N 

30° 

42° 

34. 

soutli 

1 0° S 

25° 

00° 


35. A ship B is in the South Ihieific. Tlu‘ appnnuit time at />* is known to h<* S : ()() a.m. 
while that at Greenvvi(‘h is 0:00 1 ‘.m. Tlu* sun’s <l(‘elination is 22° X, a, ml from B the 
sun’s altitude is found to l)e 15°. Find the hitit U(U‘ and lon|>;itud(‘ of B. 



Chapter Eighteen 


SPHEmCAL TRIGONOMETRY: SUPPLEMENTARY 
FORMULAS FOR OBLIQUE TRIANGLES 


Eacli of th(^ foiTiiiilas oftered in this chapter is with reference to an oblique 
S|)Ii(aT(^al triangl(‘ witli sides a, 6, c lettered in the customary fashion. The 
use ()1 th(\s(' lorimilas in solving an oblique triangle affords a refinement of 
|)roc(‘dur(‘ in (‘orniiaiison with the methods already presented, — especially if a 
(‘()mi)l(^te solution of tlu^ triangle is required. It will be noted that without ex- 
(H'plion (NK^h of th(‘S(‘ ruvw formulas is better adapted to logarithmic computation 
tlian is the Law of (^>sin(\s. 

251 • The Hair-angle Formulas (For the case “SSS'’' of § 246). 
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19() soiji) (;K()MKTi5Y and spukiucai. 'riU(;()\()Mi;rn\ 

_ (sin 6 siiw* ~h nos /> nos r) ™ (*os a 
(sin b sin c — nos 6 nc>s c) -h nos a 


j _ nos (/> — c) — C‘os a __ nos d — cos (/> - n) 

— nos (/> 4 * ( ) 4 “ nos a nos (/> -j- r ) — nos a 

p. _ sin lid H- h — r) sin .\{a h n) 

sin lid -f h 4 “ r) sin lib 4’ n a) 

(> ) IjCt' -S’ “ ^id “I" h 4“ n). 

1 hn*!! 4 b — n) “ (.s — <■) ; lij^ — b 4 n) ™ (.s />) j 

^ (i) — a). 


7) Sul:)st. in 5): 



sin (,s‘ n) sin {.s- — h) 
sin s sin (.s — a) 


8) tan 4 = 

2 V sin .s sin (.s — a) 

sin (n — a) sin (,s — b) sin (s - r) 

sin .s‘ 

sin («s' — a I 

In step 9, denote the radical in th(‘ imnnn'ator l>y /. 



-'1 f 

IG) tan ™ ; • Sirnilarlv for (ii»/ and 44, 

2 sin (,s- — a) 

.Vote: Compare formulas @), @4 @ with those of T Id. 

252. The Half-side Formulas (For tlie ease ‘CAAA’’ of §246). 




a. 


(.S'- 


2 J,) 

tan 

2 "" 

F cos 

-■1) 

(•>’•>) 

t an 

b 

2 ' 

F eos 

(.S'- 

B) 

(g) 

tan 

e 

2 

F eos 

(B- 

C) 

wlie 

re 

,4 === 

i(/l + B + (’), 

and 


F - 

4-- 


eos »S’ 



V nos 

(*S- 

.4) eos (*S — B) eos (*S’ — (*] 


(The derivation is similar to that of 8i>t tan'-Y^^^ * 

\2J 1 { (*os a 

I'llace of <‘os a substitute from (i^ ) 

sni B sin V “ 


(T 0 6) 
(T 9 d) 


, and in 




SI PPL^:^lI':N'^Aln F()^<MllJL^S vow oblique thiangles 
253. Napier's Aiialo^^'ies I (F(»r cases ‘'SAS, AAS, SSA'’ of § 246). 
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tan 


^ 1 .) tjm 


.1 + 

2 ’“ 

. t - B 


y™ 


. a - b\ 

2 \ 


cot 


^ cos 


2 

Si,i 

4~r 1 cot 

sin 


C 


c 


Derivation of Fonniila @ 


1) tan 

2) 

3) 

• 4 ) 

5 ) 
t‘>) 


4™, B 


S) 




tail "i tan 4 
1 — tan 4 tan ^ 

/ - + i--- 

sin (.S' — a) sin (.s — />) 

p 


(T 6 -C) 


sin (.S' >“ a) sin (\s — b) 

/[sin (.S' a) 4- sin {s — b)'] 
sin (,s a) sin {a — b) — /- 

A 4 B . D _ /-[si n is - a) -|- .sin js ?))] 

2 2 ™ sin (.S' ~ c) [sin {s — a) sin {s — b) — /"H 

/“[sin (.s — a) + sin (.9 - 6)] 

_ ^ ^ — c) — P sin (s — c) 

f'/sin (.s* -™ a) -f sin (.s **“ ?>)] (See derivation of (g), steps 9 and 


'P sin .S' ““ p .sin {s — c) 

sin (.S' — a) 4- .sin (.s‘ — b) 
sin .S' sin (.s — c) 


10, for the equivalent of /.) 


sin 


2.s‘ — a, 


sin cos 


Let 2s = a 4- 6 4' c. 
4 + B . 


b a — b 
- f‘o.s 

2 s - c 

2 

2.s‘ — a — h _ c 


(T 9-a-b) 


and 


2s — c a 4 b 


10 ) t^an 


. c a — b 
sin 2 cos -~-y- 


cos 


"2 


2'. c a4b _a4b 

sin ^ cos - - 2 ~~ 


2 
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(The deriv’'a.tioiis of @ and @ (‘orn^siioiul (o tliosc for § 258.) 


255. Law of Species for an ()hli<|iie Spheri<‘al I'riiin^le. 

Ono“haif tli(‘ sum of any two si(l(‘s must lx* of th(‘ sanu' six'cios as one- 
half th(‘ sum of the two angh's opposite^ th(‘S(‘ sidi/s. 


Proof 

1) Iti @ the quantities cos and tan nuist each 1 h* |>ositiv(\ sinta* J 

and ^ must (andi Ix' acutca 

2) tiu^ (puint ity tan will 1)(‘ |)<>sitive or nc‘j»;ative aceordiiia’ its tlK‘ (|uan- 

. . /I -f" />* . ... 

tity cos 2 positive^ or n(‘f>;ative. 

3) That is, is great (u- or less than 90® a(‘eording as is gi\*a.t(n' or 

l('Ss than 90®. 


a + b , A A- B , , \ (* i. I 

“ and must always h{‘ oi tru* samc^ s|)t*<*ies. 


f '.sc of the Formula>s 

Example 1, Solve the ib.ABC in \vhi(‘h a — 41®, 6 - 5)2®, c ~ 45®. 
Use § 251. Here: = 69®, « - « 28®, « - 6 17®, s r - 24®. 
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tan 


f 


A 


2 sill (« -- a) 


— j —t/g 

sin 28°V 


sin 28° sin 17° sin 24° 


sin 69° 


/I 


Use lopi;s to find and lienee find A. Find B and C similarly. 


Exmnplc Solvit the A.4/>*U in which A = 63°, B = 75°, C = 80°. 

Vise § 25*2. Here: 8 = 109°, E - A = 46°, S - B ^ 34°, S - C = 29°. 


(t ( / — cos 109° \ 

tun ^ = /. ncs (,S - .4) = ...os 40= cos 34“ cos 29^ 

Use lo}»;s t,o find a.n<l hence find a. Find h and c similarly. 


cos 46° 


Hxamph' S. Solve tlu^ AABC in whieli a = 142°, 5 = 68°, C = 147' 

a — b 

4 -f li , .4 4-- B -J , C cos 37° 

1) Fiinl Iroin tan - - - = r i-ot — = 


./ -1- h 


cos 105° 


cot 73° 30'. 


2) Fiml ^ ^ from tan ^ ^ cot | ^ cot 73° 30'. 


.4 4- B 

2 

.4 - B 

"'"o"” 


Solving: ‘‘ ^ = 137° 34' 

A t? 

10° 28' 

A ~B 


Adding: A — 148° 2' 

Subtracting: B = 127° 6' 


(‘.os • ^ ^ 

3) Find c from tan"-|^-..^= ^ ^ tan by solving for tan - and evaluating the 


result by logs. 

Example 4- Solve tlie AABC in which C = 122°, A = 30°, b = 40° 

0 - A 

h cos 46° 


cos 

-p (I c “h " 

1) Find - ■ from tan — = 


• tan 


C + A 2 cos 76' 


tan 20° 


2) Fiini ~r " from tan 


Q 

r.-a 


Sin 


C + A 2 sin 76° 


tan 20°. 


As in Example 


3 find c and a separately by adding and then subtracting the values 


, (' “I™ (li ^ c (X 

found lor — r— and — • 
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1M)0 


3) Find B from 


tiUl 


C 4- d 


C ~f" 


cot 


B 


Example 5, Solve the AAB(^ in wliich a — 50 °, 6 — 138^^’, B ™ I30'\ This is the 
ease “SSA’h Ileuce look for two solutions. 


1) Find A frt)m sin si 


sin B sin a sin sin oiH 


sin /> sin 138*^ 

si = rr 40' or IDS'" 2{)A 

By §243 either of these values is acet‘pt;d)l('. Hcuiee there are tvv(» solut ions to tfie 
triangle. 

Sol. I S<»L U 


d TTdO' 


A 108 *^ 20 ' 


2) Find C from § 253, using first f)ne value of *4 and tlum tht‘ otlun-, Th<‘ vahu' of (' for 
which A. — 71° 40' must belong to Sol. 1; the otlnu* vnha^ of (' Ijehaigs to Sol. U. 

3) Find c from § 254, using first one value of -I and tlam tlu* other. d’h(‘ valu(‘ of e for 
which d = 71° 40' must l)elong to Sol. I, and the other valu(‘ of c must b{‘hing to 
Sol. II. 


EXEIU JSBS 

Oro a p Forfi/ifire 

Use § 251 in E.xs. 1™4 to find tlie local hour angl(‘ of th<‘ sun at a given point A on the 
Earth (from Exs. 18- 21 of (lrou{) 44). 

1. Lat. A. - 19° 57' N, Del. M = 22° N, alt. M - 30° 

2. Lat. d = 53° 23' N, Del. M =- 15° N, alt. M - 40° 

.3. Lat. A = 41° 51' N, Del. ilf = 20° N, alt. AT - 50° 

4. Lat. d = 37° 50' S, Del. M = 18° N, jdt. M - 20° 

.5. Using § 251 find the azimutli t>f M in each of tin* preceding ex(‘r(4s(‘s. 

6- Given: d (30° N, 80° W), B (40° N, 50° W); splierical distarna* .l/>* is 1582 nauticail 

miles. Find by §251: (a) the true l>ejiriug of B from .1; (!>) t!u^ tru(‘ Ix'aring of A 

from B. 

In IC.YS. 7-11 (from Exs. 1, 3, 4, 0, 9 of Group 41) us(» § 253 to fin<l tlie starting <‘ourse 
and finishing course of a ship sailing the true great circle route from A to given: 

T. d (10° 30' N, 20° 15' W), B (70° 25' N, (>5° W). 

«. d (37° 32' N, 122° 13' W), B (21° 20' N, 158° W). 

9. d (33° 43' N, 118° 15' W), B (14° 34' N, 120° 57' K), 

10 . A (29° 4' S, 167° 58' E), B (34° 24' N, 119° 43' W). 

11. A (43° 4' N, 70° 44' W), B (30° 20' N, 30° 30' W). 
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12. point . I <m the Earth: Del. A/ = 24° N, lat. A = 35° S LHAof M = 40° 

I'si' § 2.53 to liml the azimuth of M. - > ^ 


In I'ix.s. 13-19 use tlie formula.s of tliis chapter to solve the triangles from the parts 
given. 


i ;5. B = 30° 30', C = 121° 2.5', a = 41°. 

M.. a = 10.5° 10', h = .50° 20', c = 62° 28'. 
1.5. A = 118° 5', B = 128° 10', C = 78° 40'. 
,H>. h = 100°, c = .58°, A = 108°. 

IT. A = 21° 30', B = 145° 12', h = 135° 45'. 

18. a == 100°, h = 0.5°, A = 98°. 

19. a = 42°, h = 119°, A = 30°. 


2<K 1^'< )V(i : 


tail 




a H- 6 

__ — 


A B 
2 


21. Prove: tan 


A - B , A + J5 ^ a + 
= tan — ~ — c*ot — ~ — tan — ~ 


22. Derive Fornnila 

23. Derive Formula @- 
21. Derive Formula 

25. Derive Formula ( 21 ) by applying @ to the polar triangle of AABC. 


256. SpHerical Radius of the Inscribed Circle- Geometric Significance 
of in § 251. If a circle of the sphere is tangent to the sides of a spherical 
triangle ABC, tlie circle is said to ho inscribed in the triangle. (By ‘‘ tangent 
wo mc^an here ‘Douching each side in one point only’’.) In Fig. 290, the pole, O, 
of tliat circle is the spherical 
incenter; the polar distan(*e, r, 
of the <*ircle is the spherical 
inradiiis. 

1) I.et O ho the pole (sph. 
i neon ter) of tlie insenhed 
circh^. IxA the points of 
caintact be .//, V, W, respec- 
tively. 

2) Draw CM, ()B, (XI It can 
ho shown tlxat these arcs 
bisect the angles, A, B, C of A 
AABC. 

3) Draw OF, (W". I^an 

be shown that OH — OF ^ ^ ^ 

OIF r, the inradius. Moreover, OH, OF, OIF are each perpendicular to 
a side of the triangle. 
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4) In tlie i*t Ayl//0: sin x = cot ^ tan r, {®) 

, A tan r 

2 sin X 

6 ) If s represents ji{a + h A- c), then x ~ (^j — a) 
-4 tan r 


7) tan ■ 


sin (.S' — a) 


8) Ihit tan 7- = — — r 

2 sin (,s — a) 


(§ 251) 


9) 


/ - tan r 


mi , • , 4 .s* ™ a) sin .s - />) sin (.s r) 

10) I hat IS, tan r = \/ 

V sin ,s‘ 

(Compare this fonnnla with that, of 4' 12 a..) 

257, Spherical Radius of the Circuruscriheii (arele. <4eoiiietrie Sig- 
nificance of ill § 252. If tlu^ vertices of a splunicai triangle .i/>Y ' lie on 

the eirevimference of a circle of the sphen*, this circk^ is said t.o be virrinn.srn()<'(l 
about the triangle. The {)o](\ O, of this circle is tlu^ splKrical chriinicvfikr; the 
polar distance, Ji, is the spherical circNmraAius. 



1) Cet O be the pole (sph. circumcenter) of th(' circumscrilx'd circle (Fig. 291). 

2) Draw OP, OQ, OM perpendicular to AB, BC, CA, res|iectivi4y. It can be 
shown that OP, OQ, OM bisect AB, BC^ COl, resix^divcly. 

3) Draw 0/1 , OP, OC. It can be shown that 0/1 = OP = 00 = li. 
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4 ) 111 the rt AOQB: cos x = tan ^ cot R ((2)) 

5 ) /. tan ^ = tan R cos x 

ii) If 8 reiircsents '|(A ■+■ i 5 + C), then x ^ (S — -A) 

7 ) /. tan ™ = tan R cos (>S — ^) 

8) But l,!xu FcosiS- A) (§ 252) 

9 ) F = tan R 

10) Oliat is, tan R = i/ 77, jr 

^ ' V cos {8 — A) cos {8 - B) cos {8 - C) 
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PLANE TBKa )NOM El’B Y : SO’A Ts'DMl I > FOR M I! ! .AS 



0“ 

9(F 

1S()° 

sin 

() 

1 

1) 

<*os 

1 


1 

Uiu 

O 

x:. 

0 

not 

‘■■jC. 

i) 

■/:: 

S(‘<* 

1 

"JZ \ 

1 

(*S<* 

■:r.. 

i 

x: 


For any tini^ic' *1 or B: 


(a) 

sin 

A cs< 

‘ .1 

- 1; 

(1 

)) cos 

A 

S(‘(‘ 

A. =- 

1 : 

(C ) 

t an 

A c 

ot 

t. (a) 

tan 

A - 

sill 

.1 . 






(b) 

<*ot 

A 

C( )S 

^A 




cos 










sin 

A 


- (a) 

sill' 

A -h 

cos' 

A = 

1 











(b) 

tan 

- A H" 

1 =- 

S('C“ 

1 











(c) 

cot 

2 ^.1 + 

1 - 

CSC- 

1 











•- (a) 

sin 

(ocr 

ziz 

A) - 


cos 

A 


CSC 

(90'" 

r.h 

.'1 1 


S(M* 

A 

(b) 

cos 

(9(r 

rt 

A ) -= 

=F 

sin 

dl 


vS(H* 

(OO*" 

rb 

A ) 

r: rp 

CSC 

A 

(cO 

tan 

(90*" 

=b 

.1) - 

=F 

(*Ot 

A 


(*<)t 

(OO*" 

rfc 

.1 1 

r". q:: 

t a.n 

A 

(d) 

sin 

(180^" 

db 

.1 .) == 

=F 

sin 

A 


CSC 

(180^ 

rb 

dl ) 


CSC 

A 

O') 

cos 

(ISO'^ 

db 

A ) = 

— 

(‘OS 

A. 


S<‘(‘ 

ilH(f 

2t. 

.1 } 


see 

A 

(0 

tan 

(180"’ 

,db 

A ) - 

rb 

tan 

.1 


cot 

(mr 

rb 

A ) 

’1'“ 

cot 

A 

(K) 

sin 

(- A ) 

= 

— sin 

A 

) 



CS(‘ 

(- A ; 

) 

c 

•SC A 



(1>) 

(‘OS 

A ) 


cos .1 

; 




S('(* 

( .■1 ; 

1 

S(‘C 

A 



(i) 

tan 

a: 

) = 

tan 

v! 

; 



(‘ot 

( -- .1 

) ..r. 

( 

‘Ot A 



- (a) 

sin 

(*'l db 

B) 

= sin 

A 

cos 

B 

db 

cos A sin B 





(b) 

(‘OS 

(xl db 

B) 

~ cos 

.1 

cos 

B 


sin 

.1 sin /> 





(<■) 

tan 

(A rh 

B) 

tan . 

1 rb 

tan 

B 










- t 

an - 

L t 

an 

B 







(a) 

sin 

2A, - 

2 sin .1 ( 

*os 

.1 










(b) 

cos 

2.1 - 

<*os 

- xl -- 

sin- A. 


2 

cos 

.1 

1 

^ 1 - 

- 2 siiF *1 

(<•) 

tan 

2A - 

2 

1 

tan /• 

tan- 

A 












B- (a) sin — ■ == rfc ^ 
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A 

cos 

= ±y 

^ \ A (‘< )s A 


, A 
t an 

= ± ^ 

/l - cos A, _ 

sin A 1 — cos A 

/ 1 (‘OS jL 

1 A cos A sin A 


(<•) 

> j. -t~ < 

/ \ • 1 I • /> o • B A — B 

9- (m) sin *1 -f- sin /> = 2 sin — — cos — ^ — 

ll \ • i * 17 o “h jB . A — B 

(t)) Sin A ~~ sin B — 2 cos — sin — — 

^ JL 

f <1 n n - ^ B A — B 

(c) cos A 4~ cos B = 2 cos — — cos — - — 


((1) cos *1 — (‘OS B 


^ . A A- B . A- B 
2 sin — - — sin — ^ — 
2 A 


i jj sin (A + B) + sin (A — B) 

1(). (n) sin A (‘OS B = — ^ ^ ^ 

^ . ,, sin (A A B) ~ sin (A -- B) 

(ll) cos A sin B = — ^ ^ 

^ cos (A A B) A cos (A — B) 

(cO cos *1 cos B == 2 ^ ^ 

. . , . .. cos (A — B) — cos (A A B) 

(d) sin A sin B = 

For any AAB^': 

I L (a) K = hil> sin C = hac sin B = sin A (K = area) 

(J)) /v = vAs I.S -™ a)(s “ h){s — c), where s = Ka + 6 4 - c) 

12 . (u) Innulius: = x (, + 

( 1 ,) ('ircuinnuli.is: 2 R = ---j- = ^ 

» <i h c 

, 15 . ,I.aw oi Snu.:‘s: — 7 = “7™ 7> = r-TTT^ 

sin .1 sin B sin C 

14 . Law of CAisincs; cA = Ir + c— 2 bc cos A 
l)^ == a- + c- — 2 ac cos B 
^.‘2 ^ 52 _ 2a6 cos C 

A - B a-h ^ AAB 

15 - I.aw of ,lang(‘nts: tan 


16 . Half-angle Formulas: tan 


A 


a Ah 


s — a 


, B r 

tan 2 - JZr-6 


tan 


2 s — c 


where r = inradius. 
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